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Abstract. In this paper, the problem of exponential stability of linear time-delay
systems with mixed discrete and distributed delays is studied. Based on
an asymmetric Lyapunov—Krasovskii functional approach, sufficient conditions
are derived in terms of linear matrix inequalities to guarantee the exponential
convergence of the system state trajectories with a prescribed decay rate. The
efficacy of the obtained results is demonstrated by a given numerical example and
simulations.
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1. Introduction

Stability theory and its applications in the control theory of time-delay systems
is one of the most important research topics [1]. This area has attracted considerable
attention during the last decade. A large number of fundamental results on the asymptotic
stability of time-delay systems have been established based on variant schemes of
Lyapunov—Krasovskii functional (LKF) method and linear matrix inequalities (LMIs)
setting [2]. It is recognized that asymptotic stability is a synonym of exponential stability
and, in practical applications, it is important to find an estimate of the transient decaying
rate of time-delay systems. Therefore, a great deal of efforts has been devoted to
studying the exponential stability of time-delay systems (see, for example, [3]-[5]). In
particular, the authors of [6] proposed new integral-based inequalities (called weighted
integral inequalities) which were later utilizing to derive exponential stability conditions
for linear systems with variable delays. The proposed schemes in [6] were also utilized
into controller design problems for power multi-area systems with communication delays
in [7].
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It is noted that the aforementioned results have been derived using symmetric
LKFs with positive kernels. This usually produces much conservativeness in the derived
stability and design conditions. Recently, an improved approach has been proposed by
constructing asymmetric functionals [8]. More specifically, the functional candidate is
composed of a quadratic functional and integral terms of which the quadratic term is not
necessary to be symmetric and positive definite. The method of [8] was shown to be one
that can produce less conservative conditions than existing methods.

In this paper, an asymmetric functional-based method with weighted integral
functionals is extended for a class of linear time-delay systems with discrete and
distributed delays. Based on the proposed method and some weighted integral
inequalities, exponential stability conditions are derived in terms of LMIs which
guarantee the exponential convergence of state trajectories of the system with a prescribed
decaying rate.

Notation. R™ and R™*™ denote the n-dimensional Euclidean space and the set
of m x n real matrices, respectively. A7 is the transpose of a matrix A € R™™,
col{uy,ug,...,u;} denotes the augmented vector formulated by stacking components
of vectors uy, us, . . ., uy. A matrix A € R™*" is symmetric if A = AT and semi-positive
definite, write as A > 0, if it is symmetric and xTAz > 0 for all x € R*. If
2TAr > 0 forall z € R®, x # 0, then A is said to be positive definite, write as
A>0. Let S? = {A € R™™ : A > 0}. The notation  represents symmetry terms
in a symmetric matrix.

2. Preliminaries

Let C([—h, 0], R™) be the Banach space of R"-valued continuous functions defined
on the interval [—h, 0] endowed with the norm

¢l = sup [|o(s)]|
—h<s<0

for a function ¢ € C([—h, 0], R™). Consider the following functional differential equation

@(t) = f(t, @), t=>to,

2.1
Ty = qba ( )

where f : D = [ty,00) x C([—h,0],R") — R" is a continuous function, ¢ €
C([—h,0],R™) is the initial function and x; denotes the state segment {z(t + s) : —h <
s < 0}, that is, z; € C([—h,0],R") for each t > t,. We assume that the function f
satisfies conditions such that for any ¢ € C([—h,0],R") there exists a unique solution
x(t, ¢) of (2.1) which is defined on [ty, c0). In addition, we assume f(,0) = 0 so that
system (2.1) has the trivial solution z = 0.
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Definition 2.1. The trivial solution x = 0 of (2.1) is said to be globally exponentially
stable (GES) if there exist positive constants «, [3 such that any solution x(t,¢) of
(2.1) satisfies

lz(t, 9)I < Bllglle™ ), ¢ >t

Let V : Rt x C([—h,0],R") — R be a continuous function. The derivative of
V (t, ) along state trajectories of system (2.1) is defined as

V(t,6) = limsup ~ [V(t + e, zrreto, 8) — V£, 9)].

e—0t €

Theorem 2.1 (Lyapunov—Krasovskii theorem). If there exists a functional V : Rt x
C([—h,0],R™) — R and positive scalars \1, N, \3 satisfying the following conditions

@) Adllz(0)[* < V(E,20) < Aol

2
’

(i) V(t, z¢) +2X3V (¢, 24) <0,

where ||z,|| = sup_j<,<q ||2(t + s)||, then the trivial solution x = 0 of (2.1) is GES.
Moreover, any solution x(t, ) of (2.1) satisfies the following estimate

A
et ) < ([ Tllelle ™, t > 1.
1
Consider a class of linear systems with mixed time-delay given by

t
t(t) = Aox(t) + Arx(t — h) + AQ/ x(s)ds, t>0,
t—h

2(t) = (1), te€[=h,0]

(2.2)

where Ay, A, and A, € R™ ™ are given matrices, h > 0 is a known scalar representing
the time-delay and ¢ € C([—h,0],R") is the initial condition. Our main aim here is
to derive conditions by which system (2.2) is exponentially stable with a prescribed
decay rate. First, to manipulate the derivative of LKF candidates, we introduce the
following lemmas.

Lemma 2.1 (Hien and Trinh [6]). For a given matrix R € S}, scalars b > a, o > 0 and
a function ¢ € C([a,b], R™), the following inequalities hold
b
R </ gp(s)ds) : (2.3)

[ et matsyas = & (/ bso(s)ds)
27
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(/ / d“ds) < / / dud8> (2.4)

where y, k > 0, denotes the residual e*®=) — Zf 0 l;—,“)]

Lemma 2.2 (Hien and Trinh [6]). For a function w : [a,b] — R™ with the derivative w
belongs to C([a, b], R™) and given matrix R > 0, the following inequality holds

b
/ 00T () Riv(s)ds > @(W(b) —w(a))"R(w(b) — w(a))
Na 2 T
+(\/E) Co RCa, (2.5)

where

[Na Mo
1 1
[=b— w=1—— ,
@ 20 el — 1
1 [e* —1 1
Boz = 5 ¢ 1 ,
2a0 | (2al)? e —1
€2a(bfa) 1

In the critical case, when « approaches zero, the inequalities (2.3)-(2.4) are reduced
to the following ones.

Lemma 2.3. For a function w : [a,b] — R™, scalar b > a and a given matrix Q) > 0 of
appropriate dimensions, the following inequalities hold
b
R (/ w(s)ds) : (2.6)

/ () Qu(s)ds > b% ( / bw(s)ds)
// ") Qu(u)duds > o=y (// duds)
XQ( / / w(s)ds). 27

3. Exponential stability conditions: An asymmetric functional
approach

T

For convenience, we define the following notations
€i = [Onxi—1) In  Onxa—ipm] € R™%" 1 =1,2,3,
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IR
o = 2ah = e2eh — 1’
1 [eh— 1 1
Ba = 5 c - —1 )
20 | (2ah)? e2h — 1]
62ah -1 7]2 1
p(a> 20{ ) ’7 /Ba’ v hT]a

We are now in a position to present the first result of exponential stability of system
(2.2) as given in the following theorem.

Theorem 3.1. For a given o > 0, system (2.2) is GES with decay rate « if there exist
matrices P = [Pl PQ} with P, = PlT and R € S} such that

(M, My, Mg
M = * M22 M23 < 0, (31)
i * * M33
Pp+-LR lp_ LR
— pla) 2 pla)
D N e2ah() { LR > 0, 3.2)
L pa)
where
2
My, = AJ Py + PiAg +2aP + Py + Q + hATRAy — ﬂR — 29R,
pla
T 1 1. .7 1
M12 :Alpl — 5 2+§hAORA1 — mR—’YVR,
1 1
M13 = Agpl + OéPQ + IAOPQ + 5hAgRA2 + ’Y(V + ].)R,
2
Myy = —e2*"Q + hATRA, — ——R — 2yVR,
p()
1 1
M23 = §A,{P2 + §hA{RA2 + ’}/V(V + 1)R,
Msg = AT Py + hAJ RAy — 2v(v + 1)*R.
Proof. We consider the following LKF candidate
V(ze) = Va(t) + Va(t) + V3(t), (3.3)

where

29



Do TP

t t
Vs(t) = / / 23T (4) Ri(u)duds.
t—h Js
It can be verified from (3.3) that there exists a positive scalar A such that
V() < Aljz|]?, t > 0.

Let £(t) = col{x(t),xz(t — h), ftt_h x(s)ds}. Taking derivative of V' (z;) along
trajectories of (2.2), we obtain

Vi(t) 4 2aVi(t) = &7 () Pn(t) + 27 (t) Pi(t) + 2a V4 (t)

3.4
= €T 0)ME), oy
and
Va(t) = 27 (1) Qu(t) — e 2z (t — h)Qu(t — h) — 2aVi(t)
and thus ‘
Va(t) + 2aVa(t) = € (t) M (1) (3.5)
Next, we have
V _ ! 2a(u—t) ;. T Ri d ' T Ri(t)d
3(t) /t_h e " (u)RE(u)du + /t_h ' (t)Rx(t)ds
—/ 25T () Ri(u)du — 2aVi(t)
t—h
and therefore
Vs(t) + 2aVs(t) = ha (t)Ri(t) — 2 / t 23T () Ri:(u)du. (3.6)
t—h

By Lemma 2.2, we have

/t R ) Riu)du > L) — ot — BT R@() — 2(t — b))

T (\;%)2 {x(t) + (mia _ 1) w(t—h) — lnia /tthx(s)ds]T

« R [m) + (% _ 1) 2t —h) — lnia /tjhx(s)ds} ,
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X R (61 + (lnia - 1> ey — lnia@,) ]5@).

Moreover, since
hi' (t)Ra(t) = £ (t)h(e] Ag + e3 AT + e3 A3 ) R(Ager + Avea + Ages)E(1),
from (3.6), we obtain
Va(t) + 2aV5(t) < €7 () Msg(t),
where

MYy ATP—iP My
M1 = * O %A{PQ 5
* * AT'P,

Mfi):AgP1+P1A0+2&P1+P2,

1
Ml(é) = AP +aP, + §A0P2,

O 0 0
My= | —e2Q 0],
| * * 0
B 3 3 3
MY MY M
Ms=| « MY MP|,
| x * Még)
2
M® —hATRA, — —=—R— 29R
11 0 0 p(Oé) 7 )
1 1
MD = “hATRA, — — R —~uR
12 2 0 1 p(O{) 7” )
1
M = ShATRAs +9(v + DR,
2
3
MQ(Q) = hA,{RAl mR — Q’YVR,

1
M2(§) = §hA1TRA2 +v(v+1)R,
M = hATRA, — 2y(v + 1)°R.

From the above estimations, we get

V() + 20V () < ET(1)(My+ My + Ma)&(t) = €7 () ME(1).

(3.7
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By condition (3.1), we have £ (t)M&(t) < 0 for all ¢ > 0. Thus, by taking integral both
sides from 0 to ¢, the last inequality gives

V() < V(g)e ™,
< Al|g[Pe " ¢t > 0. (3.8)

We now show that the functional V'(z;) is positive definite. Indeed, it follows from

(3.3) that
T

t

- {ﬁi;x(a)dur E?g %(ﬂ { e hx:,fa)du] - (3.9)

By Lemma 2.1, we have

Vi) =" [P B [#7() J, 2" (w)du]

/ 22037 (u) Ri(u)du > %(x(ﬂ —(s)" R(x(t) — 2(s))

by which we can get

"] R —aeB | e
Uy U ] I e o e I | ESE R
Combining (3.9) and (3.10) we then obtain
w(t) 1 2(t)
Viz) 2 {f:hx(u)du] b {ftthx(u)du]
> Amin(D)||z(2) |- (3.11)

Finally, from (3.8) and (3.11) we readily obtain

A —at
o) < |5 Ielle™ 2 0.

This shows that system (2.2) is GES with exponential decay rate . The proof is
completed.

Remark 3.1. Typically, in the existing results, the functionals Vi(t), k = 1,2,3, are
symmetric and nonnegative, that is, the matrix P, () and R are restricted to be symmetric
positive definite matrices [4], [6], [9]. Different from those, in Theorem 3.1, the matrices
P and () are not required to be positive and definite.

By modifying the functional (3.3), we have the following improved result.

32



Asymmetric functional-based approach to exponential stability of linear distributed...

Theorem 3.2. For a given o > 0, system (2.2) is GES with decay rate « if there exist

matrices P = [

where

(3.12)

(3.13)

(3.14)

P; ?2], Q= [Q1 Q2i| with Q, = QT and Z,, Z, € S} such that
22
(K11 Ko Kis
K= * Koo K23 < 0,
i k * Kgg
r _ a 672ah
P [ b el
i * @22
[G11 Gz 0 0
o *  Gay Gaz Gy
G o * * G33 G34 - 0’
| k k * G44
Ky :AanﬂLP11A0+P12+P21+204P11
2
+ Q1+ hA0TZ1A0 + hZy — Zy — 2v24,
pla)
2
Ky = AlTPu — Py + hA0TZ1A1 + mZ1 — 22y,

K3 = A0TP12 + + P11 As + Pos + 2aPy
1
+ hAngAQ -+ 2’)/(V —+ 1>Zl + 5@2,

2
Ko = hA?ZlAl — 6_2ahQ1 - 2’7V2Z1 - _Zh
pla)
1

Kgg = A?Plg — P22 + hA,{ZAQ + 2’71/(1/ + 1)Zl — 56_2ahQ2,
K33 = Agplg + P12A2 + 2OCP22 + AngAg

2 1
—2y(v+1)*7, — Zy — Q2,
R T
h
Gn =Pn+ ——2,
pa)
1
Gia = Py — — 71,
pla)
46720111
Gaog = Pao + TQI + mzh
6672ah 6 2672ah
Gaz = — e Q1 — 12p(a) Z1 + TQ2’
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36—2ah

Go = ——5—0,
12e2 3e—2ah 12 4

Gs3 e @ e Q2+ o) ! + o)’

Ge—2ah 12
G34 = _TZ% G44 = WZQ

Proof. Consider the following functional
Wixy) = Wi(t) + Wa(t) + Ws(t), (3.15)

where
o =rtoen, =0 [ dwal
Wh(t) = /tjh 22T (5)Q |:33T(S) IK a:T(u)du}Tds,
Ws(t) = :h /: 2 137 (w) Zydo(u) + 27 (u) Zow(u)] duds.

Similar to the proof of Theorem 3.1, we manipulate the derivative of Wy (t), k =
1,2, 3, along state trajectories of system (2.2). First, the derivative of W(t) is given by

Wi(t) + 2aWi(t) = 7" (£)Pn(t) + 0" () Pi(t) + 2aWi (1)

() NE(1), (3.16)

where

Un U U
Ni= | x Uy Uss|,
* * U33

Uip = AJ Pi1+ PiiAg + Pia + Py + 2aPyy,
U12 = A,{Pll - P127

Uiz = AJ Pia + +P11 Ay + Poy + 20 P,

U22 = 07 U23 = A?P12 - P227

Uss = AT Py + PiaAy + 2Py

Next, the derivative of W5 (¢) is manipulated as
Wa(t) + 2aWs(t) = 27 (1)Q1a(t) — e 2 2T (t — h)Qua(t — h)
t
N h)Qg/ x(u)du
t—h
34
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+ /t_h DT (§)Qqlx(t) — x(s)]ds.

By utilizing Lemma 2.1 to estimate the term ftt_ , €26 02T ($)Qax(s)ds we then obtain

Wa(t) + 2aWs(t) < €7 (1) No&(2), (3.17)
where
Q1 0 5Q2
N2 _ * _672ahQ1 _%672ahQ2
* * —@(ob

The derivative of W;(t) is given by
Ws(t) = hil (t) Z12(t) + ha' (t) Zyx(t)
t
-2 / =D 3T () Zy i (u)du
t—h
t
— 2/ 29T (4) Zox (u)du — 2aWs(t).
t—h
By utilizing Lemma 2.1 and Lemma 2.2 to bound the terms
t
/ =0T (4) Zow (u)du
t—h

and .
/ =031 (y) Zy i (u)du,
t—h

respectively, we obtain

Wi(t) + 2aWs(t) < 0" () Nan(t), (3.18)
where
Nll N12 N13
N3 = | * Ny Nagf,
* * N33
2
Nll = hAngAO + 2CYP11 - ( )Zl — 2"}/Z1 + hZQ,
Pl
2
N12 = hAngAl + Z1 - 2")/1/21,
p()

N13 = hAngAg + 2’}/(V + 1)Z1,

2
NQQ = ]’LA?ZlAl — 2’}/7/2Z1 — —Zl,
p(a)
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N23 = hA,{ZAQ + 2’)/V(V + 1)Z1,
1
N33 = AngAQ — 2’}/<V -+ 1)221 - — 7.
p(a)

From the above estimations, we have

W (zy) + 2aW () < 7 (£)(N1 + Na + N3)&(t)
MK, (3.19)

According to condition (3.12), we have

W(xt) +2aW(x) <0, t >0,

which leads to
Wi(x,) <W(p)e 2, >0

by taking integral both sides of the last inequality. In addition, it can be verified from
(3.15) that there exists a positive scalar x such that

W () < k||lz]|?, t > 0.

Therefore,
W(x,) < k| p||Pe2, t>0.

To finalize the proof of this theorem, we will show that the functional (3.15) is
positive definite. First, it can be seen that

Wi(t) = [ It ;(2) du]T El gj { I :x(z) du}. (3.20)

On the other hand, by Lemma 2.1, we have

[ e w0 D) > S5 w(0) = a9 Zala(t) — a(s),

" sau-t), T 2 '
/ 29T (4) Zyar (uw)du > Sah 1 (/ x(u)du)

which yield
Wa(t) + Ws(t) >
T 1 1
’ x(t) oK — @4 0 x(t)
/ x(s) x e 29hQ + ﬁZl se Q) z(s) ds
t=h fst (u)du * * @Zg f: z(u)du
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By combining (3.20) and (3.21), we obtain

W (xy) = Wi(t) + Wa(t) + Wa(t)
f 2(t) g , (1)
tt_h z(u)du tt x(u)
= I stx(u duds “ I, ; " (u)duds
S f J; w(u)dudfds I, f [ 2(u)dudbds

Thus, by condition (3.14), there exists a positive scalar < such that

W (xe) > il (t)]]*.

K -
o0l < 2o, ¢ > 0.

by which we can conclude the 2D system (2.2) is GES with prescribed decay rate a.. The
proof is completed.

This leads to

Remark 3.2. The result of Theorem 1 and Theorem 2 in [8] can be deduced as a special
case of Theorem 3.1 and Theorem 3.2 in this paper by specifying « = 0 and A; = 0.

4. An illustrative example

Consider system (2.2) with the following data [6]

02 0 0 0 -1 0
Ao = [0.2 0.1] A= [0 0] ek {—1 —1] ‘
By utilizing some novel weighted integral inequalities and based on the symmetric
Lyapunov-Krasovskii functional approach, improved exponential stability criteria were
obtained in [5] and [6]. Table 1 gives comparative results of the decay rate « for various

delay h. It is clear that our approach based on an asymmetric functional approach can
deliver less conservative results in regard to decay.

Table 1. Decay rate « for various h
h 0.3 0.5 0.8 1.0 1.5 1.6 1.8
[6] 0.1047 | 0.3456 | 0.9817 1.1610 | 0.3379 | 0.2478 | 0.1078
[5] 0.1048 | 0.3488 1.1436 | 1.1707 | 0.3631 | 0.2739 | 0.1344
Thm. 3.1 0.1048 | 0.3492 | 1.1444 | 1.1710 | 0.3645 | 0.2766 | 0.1352
Thm. 3.2 0.1050 | 0.3502 | 1.1454 | 1.1745| 0.3658 | 0.2801 | 0.1382
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3.

Conclusions

In this paper, the problem of exponential estimate has been developed for linear

systems with distributed delay. Based on an asymmetric Lyapunov—Krasovskii functional
approach, new delay-dependent conditions have been derived in terms of linear matrix
inequalities which can be effectively solved by various computational tools.
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