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Abstract. In this paper, we aim to reformulate a generalized Halanay inequality.
A new approach using fixed point theorems for contraction mappings is presented.
The obtained estimation can be utilized in various problems for nonlinear
time-delay systems such as stability, dissipativity analysis and control design.
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1. Introduction
Long-time behavior and, in particular, stability of time-delay systems are most

important aspects in the theory of dynamical systems. In addition, in many practical
models in science and engineering, dynamic of the system not only depends on the current
states but also depend on the past states. These models are typically described by a certain
type of dynamical systems with delays. Therefore, the study of time-delay systems is one
of the most active areas in the past few decades [1]-[3].

In the stability analysis of dynamical systems, the Lyapunov functional method is a
powerful technique. However, constructing a suitable and effective Lyapunov functional
is not an easy task, especially for nonlinear systems. For nonlinear time-delay systems, an
effective approach is the use of comparison techniques via differential inequalities. For
example, in [1]-[5], various problems in systems and control theory have been investigated
by utilizing the following Halanay-type inequality

D+u(t) ≤ γ(t)− α(t)u(t) + β(t) sup
t−τ(t)≤s≤t

u(s), t ≥ t0.

In [6]-[7], generalized Halanay inequalities were utilized to study the stability of
time-delay systems in neural networks and impulsive dynamics.

It is noted that in existing works, estimations for generalized Halanay inequalities
have been formulated using the comparison principle, which is quite restrictive for
nonautonomous and infinite dimensional systems. In this paper, we propose a new
approach to estimations of generalized Halanay inequalities using fixed point theory.
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2. Preliminaries
In order to discuss the stability of the zero solution of

D+x(t) ≤ −ax(t) + b sup
−τ≤s≤0

x(t+ s), t ≥ t0, (2.1)

where τ > 0 is the time-delay and D+x(t) denotes the upper-right Dini derivative,

D+x(t) = lim sup
ε→0+

x(t+ ε)− x(t)

ε
,

Halanay [8] proposed the following inequality.

Lemma 2.1 (Halanay inequality [8]). For given a > b ≥ 0, there exist scalars λ > 0 and
κ > 0 such that

x(t) ≤ κ‖xt0‖e−λ(t−t0), t ≥ t0,

where ‖xt0‖ = sup−τ≤s≤0 x(t0 + s).

Some variants of the inequality (2.1), called generalized Halanay inequalities with
external perturbations, have been formulated for the following differential inequality

D+x(t) ≤ −λ(t)x(t) + δ(t) sup
−τ(t)≤s≤0

x(t+ s) + θ(t), t ≥ t0,

x(t) = |φ(t)|, t ≤ t0,
(2.2)

where τ : [0,∞) → [0,∞) is a time-varying delay and λ(t) ≥ 0, δ(t) ≥ 0, θ(t) are
continuous functions.

Lemma 2.2 (see, [4]). Let x(t) ≥ 0 be a continuous functional satisfying the functional
differential inequality (2.2). Assume that there exists a scalar σ > 0 such that

−λ(t) + δ(t) ≤ −σ, t ≥ t0,

then the following inequality holds

x(t) ≤ ‖θ‖∞
σ

+ ‖φ‖∞e−η(t−t0), t ≥ t0,

where
‖φ‖∞ = sup

s≤t0
|φ(s)|, ‖θ‖∞ = sup

t≥t0
|θ(t)|,

and the scalar η > 0 is defined as

η = inf
t≥t0

{
η(t) : η(t) + λ(t) + δ(t)eη(t)τ(t) = 0

}
.
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In [3], the authors considered the problem of global generalized exponential
stability of a class of nonautonomous functional differential equations based on
the following result. To facilitate presenting the next result, let us define the
following constants

τeν = inf{τ ≥ t0 : t− τ(t) ≥ t0,∀t ≥ τ},

T∗ = inf{T ≥ τeν : sup
t≥T

δ(t)

λ(t)
< 1},

% = sup
t≥T∗

δ(t)

λ(t)
, I(λ) = sup

t≥T∗

∫ t

t−τ(t)
λ(s)ds

and β∗ is the unique positive solution of the scalar equation

H(β) = β + %eβI(λ) − 1 = 0.

We have the following result.

Lemma 2.3 (see, [3]). Assume that

(A1) limt→+∞(t− τ(t)) =∞;

(A2) supt≥t0
∫ t
t−τ(t) λ(s)ds <∞ and limt→+∞

∫ t
t0
λ(s)ds =∞;

(A3) supt≥t0
δ(t)
λ(t)

< 1.

Let x(t) ≥ 0 be a continuous function satisfying inequality (2.2). Then, the following
estimate holds

x(t) ≤ N

(
‖φ‖∞ −

θλ
1− δ0∞

)+

exp

(
−β∗

∫ t

t0

λ(s)ds

)
+

θλ
1− δ0∞

, t ≥ t0,

where, for a real number α, the notation α+ stands for max{α, 0} and other constants
are given as θλ = supt≥t0

θ(t)
λ(t)

, δ0∞ = supt≥t0
δ(t)
λ(t)

, N = exp
(
β∗
∫ T∗
t0
λ(s)ds

)
.

In addition, the authors of [5], [7] studied the exponential stability and boundedness
of inequality (2.2) by integral inequalities and obtained the following result.

Lemma 2.4 (see, [7]). Let assumptions (A1)-(A3) hold and assume that there exists a
constant M ≥ 0 such that ∫ t

t0

e−
∫ t
s λ(u)duθ(s)ds ≤M.

Then, there exists a constant σ ∈ (0, 1] such that

x(t) ≤ ‖φ‖∞ exp

{
−σ
∫ t

t0

λ(s)ds

}
+

M

1− δ0∞
, t ∈ (−∞,∞).
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Remark 2.1. Lemma 2.2 is a proper extension of the result of Lemma 2.1 for the case of
time-varying coefficients. However, it can be seen that Lemma 2.2 requires a restriction
that the difference λ(t) − δ(t) is uniformly positive. In Lemmas 2.3 and 2.4, based on
some new comparison techniques via differential and integral inequalities, this restriction
was excluded. It should be pointed out that, in Lemmas 2.3, 2.4, the rate of change of the
coefficients δ(t) and λ(t) is still subject to some constraints. More specifically, although
δ(t), λ(t) can tend to zero, their ratio should be uniformly less than one. How to find
alternative conditions to improve the results of Lemmas 2.3, 2.4 is of significant interest.
This motivates us for the present study.

In this paper, we propose a new approach to the above obtained results based on the
fixed point theorem of contractive mappings.

3. Main results
In this section, the Banach fixed point theorem is employed to estimate the

inequality (2.2). The obtained result is presented in the following theorem.

Theorem 3.1. Let x(t) ≥ 0 be a continuous function satisfying inequality (2.2). Assume
that there exists a continuous function h : [0,∞) → [0,∞) and a constant β ∈ [0, 1)
such that

|h(t)− λ(t)|+ δ(t)eβ
∫ t
t−τ(t) h(s)ds ≤ (1− β)h(t). (3.1a)

α = sup
t≥t0

∫ t

t0

e−
∫ t
s h(ξ)dξ [|h(s)− λ(s)|+ δ(s)] ds < 1. (3.1b)

ρ = sup
t≥t0

∫ t

t0

e−
∫ t
s h(ξ)dξθ(s)ds <∞. (3.1c)

Then, it holds that

x(t) ≤ ‖φ‖∞ exp

{
−β
∫ t

t0

h(s)ds

}
+

ρ

1− α
, t ≥ t0.

Proof. It can be deduced by the comparison principle (see, e.g., [9], II.
Theorem, p. 92) that

x(t) ≤ X(t) for all t ≥ t0,

where X(t) is the unique solution of the functional differential equation

X ′(t) = −λ(t)X(t) + δ(t) sup
−τ(t)≤s≤0

X(t+ s) + θ(t), t ≥ t0,

X(t) = |φ(t)|, t ≤ t0.
(3.2)

29



Le AD

It follows from (3.2) that

X(t) = |φ(t0)|e−
∫ t
t0
λ(s)ds

+

∫ t

t0

e−
∫ t
s λ(u)duδ(s) sup

s−τ(s)≤u≤s
X(u)ds

+

∫ t

t0

e−
∫ t
s λ(u)duθ(s)ds, t ≥ t0.

Let BC(−∞,∞) = {x : R→ R : x is continuous and bounded}. It is clear that
BC(−∞,∞) is a Banach space with the supremum norm ‖x‖ = supt∈R |x(t)|. We now
define a subspace of BC(−∞,∞) as follows:

S =

ψ ∈ BC(−∞,∞)

∣∣∣∣∣
ψ|(−∞,t0] = |φ|,

ψ(t) ≤ ‖φ‖∞ exp

{
−β
∫ t

t0

h(s)ds

}
+

ρ

1− α
, t ≥ t0

 .

It can be verified that S is a closed subset of BC(−∞,∞). Thus, S is also a complete
metric space with induced norm of BC(−∞,∞).

We define an operator Ψ : S → S by (Ψx)(t) = |φ(t)| for t ∈ (−∞, t0] and

(Ψx)(t) = |φ(t0)|e−
∫ t
t0
h(s)ds

+

∫ t

t0

e−
∫ t
s h(ξ)dξθ(s)ds

+

∫ t

t0

e−
∫ t
s h(ξ)dξ[h(s)− λ(s)]x(s)ds

+

∫ t

t0

e−
∫ t
s h(ξ)dξδ(s) sup

s−τ(s)≤ν≤s
x(ν)ds.

(3.3)

First, we will show that Ψ(S) ⊂ S. Indeed, for any x ∈ S, by conditions
(3.1a)-(3.1c), we have

(Ψx)(t) = |φ(t0)|e−
∫ t
t0
h(ξ)dξ

+

∫ t

t0

e−
∫ t
s h(ξ)dξθ(s)ds

+

∫ t

t0

e−
∫ t
s h(ξ)dξ [h(s)− λ(s)]x(s)ds

+

∫ t

t0

e−
∫ t
s h(ξ)dξδ(s) sup

s−τ(s)≤ν≤s
x(ν)ds

≤ ρ+ |φ(t0)|e−
∫ t
t0
h(ξ)dξ

+

∫ t

t0

e−
∫ t
s h(ξ)dξ|h(s)− λ(s)|

(
‖φ‖∞e−β

∫ s
t0
h(ξ)dξ

+
ρ

1− α

)
ds

+

∫ t

t0

e−
∫ t
s h(ξ)dξδ(s)

(
‖φ‖∞e−β

∫ s−τ(s)
t0

h(ξ)dξ
+

ρ

1− α

)
ds.
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Therefore,

(Ψx)(t) ≤ ρ+ |φ(t0)|e−
∫ t
t0
h(ξ)dξ

+
ρ

1− α

∫ t

t0

e−
∫ t
s h(ξ)dξ (|h(s)− λ(s)|+ δ(s)) ds

+ ‖φ‖∞
∫ t

t0

e−
∫ t
s h(ξ)dξ

(
|h(s)− λ(s)|e−β

∫ s
t0
h(ξ)dξ

+ |δ(s)|e−β
∫ s−τ(s)
t0

h(ξ)dξ
)
ds

≤ ρ+ |φ(t0)|e−
∫ t
t0
h(ξ)dξ

+
αρ

1− α

+ ‖φ‖∞e−
∫ t
t0
h(ξ)dξ

∫ t

t0

e
(1−β)

∫ s
t0
h(ξ)dξ

(
|h(s)− λ(s)|+ eβ

∫ s
s−τ(s) h(ξ)dξδ(s)

)
ds

≤ ρ+ |φ(t0)|e−
∫ t
t0
h(ξ)dξ

+
αρ

1− α

+ (1− β)‖φ‖∞e−
∫ t
t0
h(ξ)dξ

∫ t

t0

e
(1−β)

∫ s
t0
h(ξ)dξ

h(s)ds

= ρ+ |φ(t0)|e−
∫ t
t0
h(ξ)dξ

+
αρ

1− α
+ ‖φ‖∞e−

∫ t
t0
h(ξ)dξ

(
e
(1−β)

∫ t
t0
h(ξ)dξ − 1

)
≤ ‖φ‖∞ exp

{
−β
∫ t

t0

h(s)ds

}
+

ρ

1− α
.

The last inequality shows that Ψx ∈ S for any x ∈ S. Thus, Ψ(S) ⊂ S.
Next, we will show that Ψ is a contractive mapping. For this, let x1, x2 ∈ S . It can

be verified from (3.3) that

|(Ψx1)(t)− (Ψx2)(t)| ≤ ‖x1 − x2‖S
∫ t

t0

e−
∫ t
s h(ξ)dξ (|h(s)− λ(s)|+ δ(s)) ds

≤ α‖x1 − x2‖S .

Therefore,

‖Ψx1 −Ψx2‖S = sup
t≥t0
|(Ψx1)(t)− (Ψx2)(t)| ≤ α‖x1 − x2‖S . (3.4)

This shows that Ψ is a contractive mapping. By the Banach fixed point theorem for
contractive mappings, Ψ has a unique fixed point x∗ ∈ S , which is a solution of equation
(3.2) with initial condition x∗(t) = |φ(t)| for t ∈ (−∞, t0]. Thus,

X(t) ≤ ‖φ‖∞ exp

{
−β
∫ t

t0

h(s)ds

}
+

ρ

1− α
, t ≥ t0.

The proof is completed.
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Remark 3.1. It is worth noting that the derived conditions Theorem 3.1 improve most
existing conditions for an exponential estimate of Halanay-type inequalities in the form of
(2.2). For example, if λ(t) and δ(t) satisfy assumptions (A2) and (A3) then, by specifying
h(t) = λ(t), condition (3.1a) is reduced to

δ(t)

λ(t)
eβ

∫ t
t−τ(t) λ(s)ds ≤ 1− β.

It is clear that
δ(t)

λ(t)
eβ

∫ t
t−τ(t) λ(s)ds ≤ δ0∞e

βIλ < 1− β

for any sufficiently small β > 0, where Iλ = supt≥t0
∫ t
t−τ(t) λ(s)ds <∞. Thus, condition

(3.1a) is fulfilled.

As a special case, if h(s) = λ(s) satisfies conditions (3.1a)-(3.1c) in Theorem 3.1,
we have the following result.

Corollary 3.1. Let x(t) ≥ 0 be a continuous function satisfying the inequality (2.2). If
there exists a constant β ∈ [0, 1) such that

sup
t≥t0

δ(t)

λ(t)
eβ

∫ t
t−τ(t) λ(s)ds ≤ 1− β. (3.5a)

α = sup
t≥t0

∫ t

t0

e−
∫ t
s λ(ξ)dξδ(s)ds < 1. (3.5b)

ρ =

∫ t

t0

e−
∫ t
s λ(ξ)dξθ(s)ds <∞. (3.5c)

Then, the following inequality holds

x(t) ≤ ‖φ‖∞ exp

{
−β
∫ t

t0

λ(s)ds

}
+

ρ

1− α
, t ≥ t0.

4. An application
Let us consider the following nonlinear nonautonomous time-delay system

x′(t) = F (t, x(t), x(t− τ(t))), t ≥ t0, (4.1)

where x(t) ∈ Rn is the state vector and F : [t0,∞) × Rn × Rn → Rn is a continuous
vector filed satisfying F (t, 0, 0) = 0 and

2〈F (t, u, v), u〉 ≤ −ϕ(t)‖u‖2 + ψ(t)‖v‖2 (4.2)

for all t ≥ t0, where ϕ(t) and ψ(t) are continuous and positive functions. We also assume
that the function F satisfies conditions such that the associated initial value problem of
(4.1) has a unique global solution for each initial function.
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Let x(t) be a solution of (4.1) and z(t) = ‖x(t)‖2. We have

z′(t) = 2〈x(t), F (t, x(t), x(t− τ(t)))〉
≤ −ϕ(t)‖x(t)‖2 + ψ(t)‖x(t− τ(t))‖2

≤ −ϕ(t)z(t) + ψ(t) sup
t−τ(t)≤s≤t

z(s).

By the comparison principle, we have the following result.

Corollary 4.1. If there exist a continuous function γ : [0,∞) → [0,∞) and a constant
β ∈ [0, 1) such that

|γ(t)− ϕ(t)|+ ψ(t)eβ
∫ t
t−τ(t) γ(s)ds ≤ (1− β)γ(t), (4.3)

then, for any solution x(t, φ) of (4.1), it holds that

‖x(t, φ)‖ ≤ ‖φ‖∞ exp

{
−β
∫ t

t0

γ(s)ds

}
, t ≥ t0.

In particular, if

γ∗ = lim inf
t→∞

γ(t)

t
> 0

then system (4.1) is globally exponentially stable (GES).

For example, we consider the following nonlinear time-delay system, which is
referred to the Mackey-Glass model

x′1(t) = −ax1(t) + bx2(t) +
cx1(t− τ(t))

1 + x22(t− τ(t))
,

x′2(t) = −ax2(t) + bx1(t) +
cx2(t− τ(t))

1 + x21(t− τ(t))
,

(4.4)

where a > 0 and b, c are real scalars.
Let u = (u1, u2), v = (v1, v2) then the function F in (4.1) is defined as

F (t, u, v) =

(
−au1 + bu2 + cv1

1+v22

−au2 + bu1 + cv2
1+v21

)
.

It can be verified that

〈F (t, u, v), u〉 = −a‖u‖2 + 2bu1u2 + c

(
u1v1

1 + v22
+

u2v2
1 + v21

)
≤ −a‖u‖2 + |b|‖u‖2 + |c|‖u‖‖v‖
≤ −(a− |b| − 1/2|c|)‖u‖2 + 1/2|c|‖v‖2.

We select γ(t) = γ as a constant then condition (4.3) holds if and only if

a > |b|+ |c|.

Thus, if a > |b|+ |c| then system (4.4) is GES as well established result in the literature.
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5. Conclusions
In this paper, a new generalized Halanay inequality has been formulated. Based

on a new approach utilizing a type of Banach fixed point theorem or contraction
mappings, we derived upper estimates for a class of generalized Halanay inequalities. The
obtained results can be utilized for various problems in the systems and control theory of
time-delay systems such as stability, dissipativity analysis, and control design of nonlinear
time-delay systems.
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