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Abstract. In this paper, the problems of positivity and dissipativity are investigated
for a model of neural networks with time-varying delays. A novel approach based
on comparison techniques via differential and integral inequalities is presented
and utilized to derive testable conditions which ensure the existence and the
global dissipativity of a unique positive equilibrium point. The derived conditions
are formulated in terms of linear programming with M-matrix, providing a
computationally efficient framework for analysis. A numerical example with
simulations is provided to illustrate the theoretical results and demonstrate their
practical applicability.
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1. Introduction

Neural networks models in general and artificial neural networks are found
in various areas of practical applications such as time series forecasting, pattern
recognition for medical visualization aids, image processing, speech recognition or
parallel computation [1]-[4]. In many practical applications using neural networks,
it is very important to ensure the existence and stability in some sense of a unique
equilibrium [5]. In addition, the implementation of neural networks is often encountered
with time delays due to the limit bandwidth or the signal transmission through layers.
The presence of time-delay usually makes the system behavior more complicated and
unpredictable [6]-[8]. Thus, the problem of long-time behavior analysis of time-delay
neural networks models has been extensively studied in the past few decades [9]-[13].

Positive systems are dynamical systems whose states and outputs are always
nonnegative subject to nonnegative inputs. This type of system is widely used to describe
practical systems with positive constraints on state variables according to the nature of
phenomena [14]. Many important problems in the systems and control theory have been
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extensively studied for positive linear systems with delays. However, this area is still
considerably less well-developed for positive nonlinear systems in neural network models.
Note also that when an artificial neural network is designed for certain applications
of positive systems in identification [15], control [16], monotone-regular behavior
implement [17] and other disciplines including computer vision, pattern recognition or
alignment and detection [18], state variables are required to inherit positivity constraints.
Thus, it is important to study the problem of long-term behavior for positive nonlinear
time-delay systems in network structures. In particular, systematic approaches and
effective tools used in the analysis of such models are obviously relevant to develop.

In this paper, we consider the problem of dissipativity of a positive neural networks
model with multiple time-varying delays. A novel approach based on comparison
techniques via differential and integral inequalities will be presented and utilized to
derive testable conditions which ensure the existence and the global dissipativity of a
unique positive equilibrium point. The derived conditions are formulated in terms of
linear programming conditions with matrices, which can be effectively solved by various
convex algorithms. A numerical example with simulations is provided to demonstrate the
effectiveness of the obtained results.

2. Preliminaries

Notations: R™ denotes the n-dimensional Euclidean space endowed with the vector norm
|z|| = maxi<i<n |2i], 1,, € R™ is the vector with all entries equal one. R™*" is the set
of m x n-matrices. Comparison between vectors © = (z;) € R*andy = (y;) € R
is understood componentwise. More precisely, we write z =< y if x; < y; and x < y if
z; <y foralli € [n] £{1,2,...,n}. R. = {x € R" : x = 0} and |z| = (]z;]) € R".
A matrix A = (a;;) € R™*™ is nonnegative, A > 0, if a;; > 0 for all 7, j, A is a Metzler
matrix if a;; > 0 for all ¢ # j. C([a,b],R"™) denotes the set of R™-valued continuous
functions on [a, b] endowed with the supremum norm [|¢||c = sup,<;<; [|¢(t)]|.

2.1. Auxiliary results

A vector field F' : R" — R" is said to be order-preserving on R if F((z) =< F(y)
for any vectors z < y [14]. In addition, a mapping G : R" — R™ is proper if G™'(K)
is a compact set for any compact subset X C R". It is well-known that a continuous
mapping G : R™ — R" is proper if and only if G has the property that for any sequence
{pr} CR™, ||pk|| — oo then |G(px)|| — oo as k — oo.

Lemma 2.1 (see, [19]). A locally invertible continuous mapping G : R — R" is a
homeomorphism of R™ onto itself if and only if it is proper.

A matrix A = (a;;) € R™" is an M-matrix if it can be expressed in the form
A = sl, — B, where B = (b;;) = 0 and s > p(B), the maximum of the moduli of
eigenvalues of B (also known as the spectral radius of B). An M-matrix A is nonsingular
if and only if s > p(B). The following proposition summarizes widely used properties of
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nonsingular M-matrix.

Proposition 2.1 (see, [20]). Let A = (a;;) € R"*" be an M-matrix. The following
statements are equivalent.

(i) Ais a nonsingular M-matrix.

(ii) All the principal minors of A are positive.
(iii) A + D is nonsingular for any nonnegative diagonal matrix D.
(iv) Ais inverse-positive, that is, there exists A~ = 0.

(v) A has a convergent regular splitting, that is, A has a representation of the form
A=M—Nwith M= 0, N> 0and p(M~'N) < 1(M~'N convergent).

(vi) Every regular splitting of A is convergent.
(vii) There exists a positive vector p € R" such that Ap > 0.

It follows from Proposition 2.1 that if P = (p;;) € R™ " is a nonnegative matrix
whose spectral radius p(P) < 1 then (I, — P)~! = 0 and there exists a positive vector
¢ = (&) such that (I, — P)C > 0. Therefore,

> piG <G, ienl.
j=1

This fact will be useful for our later derivation.

2.2. Model description and problem formulation

Consider a class of nonlinear time-delay systems given by

zi(t) = — d;fi(x;(t)) + Z aj fi(z(t))

N

+ ijkgk(xk(t —7(t)) +w;, j=1,2,...,N.
k=1

2.1

System (2.1) is typically used to describe a model of neural networks, called Hopfield
neural networks, where N is the number of neurons, z(t) = (x;(t)) € R” is the state
vector whereas w = (w;) € RY represents the external input vector to the network,
f,9:RY = RN, f(x) = (fe(xr)) and g(z) = (gr(zy)) are neuron activation functions,
Bk (zx) and d > 0 are nonlinear self-excitation rates and self-inhibition coefficients, a;
and by, j, k € [N], are neuron connection coefficients, 7 (¢), k = 1,2,--- , N, represent
time-varying delays which satisfy 0 < 7(¢) < 77 for all ¢ > 0, where 7" is a given
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constant involving the upper bound of delays. The initial condition of system (2.1) is
specified as
z(s) = ¢(s), sel[-7",0],
where ¢ € C([—77,0], RY). We define the following set of admissible functions
F= {5 e CR B30 =0, 15 <200 oo vy } |

U—
where s, 7’; are some positive scalars. It is clear that the set / contains all linear

functions 3(u) = rgu with constant 3 > 0.

Assumption (A): The decay rate functions 3; € F for all j € [N] and the activation
functions f(.) and gi(.) are continuous which satisfy

pe O =AO) o ()=o)
u—v u—v

<, Yu#w,

where l,{ and [, k € [N], are positive constants.

Remark 2.1. By Assumption (A), the functions f(x) = (fix(xx)) and g(x) = (gx(x1)) are
globally Lipschitz continuous on R™. Thus, by utilizing fundamental results in the theory
of functional differential equations [21], it can be verified that for any initial function
¢ € C([—7T,0],RYN), there exists a unique solution x(t) = x(t, ) of (2.1) on the interval
[0, 00), which is absolutely continuous in t.

Definition 2.1. System (2.1) is said to be positive if for any initial function ¢ €
C([-7+,0],RY) and nonnegative input vector w € RY, the corresponding state
trajectory is nonnegative. In other words, system (2.1) is positive if

{gb(s) =0, se[-7T,0],

= z(t) = 0 forallt > 0.
wto (t)= 0forallt >

Definition 2.2. A vector x, € RY is said to be an equilibrium point (EP) of system (2.1)
if it satisfies the following equation

—H(z.) + Af(z.) + Bg(ze) =0, (2.2)

where the function H : RN — R is defined as H(x) = (d;B3;(x;)). Moreover, the EP x.
is said to be positive if x. > 0.

Definition 2.3. A positive EP x. of system (2.1) is said to be globally dissipative if for
any compact set Q C RY, there exists a constant () > 0 such that

limsup [|z(t) — Zelloo < N(Q)

t—o00
for any w € Q and initial function ¢ € C([—7T,0],RY).

Our main aim in this paper is to derive tractable conditions by which system (2.1)
is positive and possesses a unique positive EP that is globally dissipative.
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3. Main results
3.1. Positivity

In this section, we first prove the positivity of system (2.1). That is, for any
initial function ¢ € C([—7T,0],RY) and input vector w € RY, the corresponding state
trajectory x(t) of the system is nonnegative.

Proposition 3.1. Let Assumption (A) hold. Then, system (2.1) is positive for any bounded
delays if the connection matrices A and B are nonnegative.

Proof. Let z(t) be a solution of (2.1) with ¢(s) = O forall s € [-7",0] and w € RY. We
will show that z(¢) > 0 for all £ > 0. By the continuity of x(¢), it is assumed in contrast
that there are j € [/V] and ¢, > 0 such that

z;(t,) =0, z;(t) >0, tel0,t,),

and x(t) > 0 for all k& € [N]. Then,

2(t) ==Y agfe(wn(t) + D birgr(xi(t — 7)) + w; > 01 € [0,1.].

k=1

In addition, by Assumption (A),

< @) ey o,n),
x;(t) !

Thus, we have
2i(t) > —rfa(t) + 2(t), t € [0,t.). (3.1)

Taking integral both sides of inequality (3.1) we then obtain

z;(t) > ek (@(0) + /Ot eT;—SZj<S)dS)
> e g(0), teo.t). (3.2)
Lett 1 ¢y, from (3.2) we get
0< ¢;(0)e™"5 bt < a;(t,) =0,

This contradiction indicates that x(¢) > 0 for ¢ € [0, 00).
Now, for a given € > 0, let z.(¢) be the solution of system (2.1) with initial function
¢ = ¢ + €1, where ¢ € C([—77,0],RY). By the above arguments, we have z(t) > 0
for all ¢ > 0. Thus,
z(t) = lim z(t) = 0.

e—0t

The proof is completed. ]
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3.2. Equilibrium point

It can be verified by equation (2.2) that an EP z, of system (2.1) exists if and only
if the mapping ® : RY — RY defined by ®(z) = —H(z) + Af(z) + Bg(z) has at least
a null point. By utilizing Lemma 2.1, we have the following result.

Theorem 3.1. Let assumption (A) hold. Assume that the connection matrices A and
B are nonnegative and there exists a positive vector ¢ € RN, € = 0, that satisfies the
following condition

N
S (ajkz,{ n bjklg> & < dirg &, k € [N], (3.3)

J=1

or in vector form
¢" (~DR; + ALy + BLy) < 0,

where D = {di,...,dv}, Ry = {r5.....r5.} Ly = {l{,....1{} and L, =
{l9,...,1%}. Then, system (2.1) has a unique EP z., € RY.

Proof. For any u,v € RY, we have

By Assumption (A), we have

(uj —v;) (Bj(u;) — Bi(v;)) = g Ju; — vl
(e — o) (fre () = frovr)) < U Jug, — vl.

By multiplying both sides of (3.4) with S(u — v) £ {(u; — v;)}, we obtain

S(u—v) (®(u) — ®(v)) = (~DR; + ALy + BLg) |u —v].
Consequently, we have

|®(u) — ®(v)| = (DR; — ALy — BLy) |u — vl. (3.5)
For a vector £ € RY, ¢ = 0, it follows from (3.5) that
§T®(u) — @(v)| = &' (DR; — ALy — BLy) [u —v|.
Therefore, if ®(u) = ®(v) then it follows from condition (3.3) that
¢ (DR; — ALy — BLy) [u—v| =0

and thus |u—v| = 0. This clearly yields u = v and therefore the mapping ® is an injective
continuous mapping.
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On the other hand, the inequality (3.5) also gives

1
[ (u)]| = mé‘T (DRy — ALy — BLy) |u| = [ 2(0)].

The last inequality guarantees that ||®(u)|| — oo for any sequence {u;} C RY with
|ug|| — oco. By Lemma 2.1, the mapping ® is a homeomorphism onto R". Therefore,
the equation ®(z) = 0 has a unique solution z, € R which is an EP of (2.1). The proof
is completed. O]

Remark 3.1. The proof of Theorem 3.1 based on the properties of homeomorphisms does
not guarantee the positivity of the EP x.. This property will be shown as a consequence
of the global dissipativity of the EP z..

3.3. Global dissipativity of positive EP

In this section, we will prove that, under the derived conditions in Theorem 3.1,
the EP z. is positive and globally dissipative. It is noticed that since the matrices = =
—DRE + ALy + BL, and =T are both Metzler matrices and condition (3.3) is equivalent
to Z'¢ < 0. This condition is feasible for a vector ¢ = 0 if and only if =" and = are
Metzler-Hurwitz matrices [20]. In the following, we will show that the derived conditions
in Proposition 3.1 and 3.1 ensure that the system (2.1) is positive and the unique EP z. is
positive and globally dissipative.

Theorem 3.2. Let Assumption (A) hold. Assume that the connection matrices A and B
are nonnegative and there exists a positive vector € € RY, £ = 0, such that

=¢ = (-DR; + ALy + BL,) £ < 0. (3.6)

Then, system (2.1) has a unique positive EP . € Rf which is globally dissipative.
Moreover, there exists a positive constant \ such that, for any compact set () C Rf

defined as a box
Q:{HGRN:Ojnjn*},

where 1" is a given positive vector, it holds that

limsup [|z(t) — x| < |77

t—o00

for any solution x(t) of (2.1) with initial function ¢ € C([—7T,0],RY) and input vector
w e Q.

Proof. By Proposition 3.1, system (2.1) is positive. In addition, according to Theorem
3.1, there exists a unique EP z, € RY of (2.1).
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We first prove the dissipativity of the EP z, = (25) € R". Indeed, let z(t) =

(z;(t)) be a solution of (2.1) with initial function ¢ € C'([—7", 0], RY') and input vector
w € ). Then, we have

(z;(t) = 25) = —d; (B;(;(1) — B;(25)) + Y _ ajulfr(za(t)) — fulzf)]

+ ) bilge(@r(t — (1) — ge(x5)] + wy. (3.7)

k=1

We define the vector-valued function v(t) = |z(t) — x| = (v;(t)),t > —77. Then,
it follows from (3.7) that

DT u;(t) = (x;(t) — 25) (;(t) — 25)'

N
+ ) bilf|ri(t — 7i(t)) — @] + wy, £ > 0. (3.8)
k=1

where D" v;(t) denotes the upper-left Dini derivative of v;(¢). From (3.8) we obtain

N N
Dt o(t) < =djry vi(t) + > aglfve(t) + Y blfos(t — () + 15 (3.9)
k=1

k=1

We will establish an exponential convergence of v(¢) within a specified threshold.
For this, observe from (3.6) that

N
—djry &+ Y (apll +bl)é <0, j € [N]. (3.10)
k=1

Moreover, in (3.10), we can replace £; by &; = &;/||€]| then ||€|| = 1. Thus, without loss
of generality, we can assume that ||| = 1. We define the following constants

N

€. = MiNje[n) {dﬂ"gjfj = > (apdi + bjkli)fk} >0,
k=1

€

&

Since &, < ||£|| = 1, we have R, < R,. In addition,

* *
, &y =minigieng, R = iU H, Ry = [uM|

Oy )
Oy €4

N
_djrgjéj + Z(ajklg —+ b]klg)ék < —e,
k=1
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for all j € [V].
We first show that if || — z.||c < R; then ||v(t)|| < Ry for all £ > 0. Specifically,
let |¢ — z.]|c < R; then

vi(t) < sup [g(t) —af| < Ry <Ry, tE€[—7T,0].

—r+<t<0
If there exist an index j € [N] and a £ > 0 such that
() = &Ry, o(t) < &R, t € [0,1]

then, from (3.9), we have

N
D) < B = dir &+ 3 (and] + bulfDé) + ]
< —6.Ry+1; <0. -
Thus, v,(t) cannot exceed &, R, for all ¢ > 0. This shows that
lo()]| < Rellé]l = Re, t>0.

Assume that ||¢ — z.||c > Ri. Then, there exists a positive scalar 3 such that

lp; — 28llc — Raés < B (|6 — zellc — R1) 5, j € [N].

Let us define the functions A; : [0,00) = R, j € [N], as

A;(0) = 06, + (Zb]kl ¢ (7 =1) —e..

Clearly, for each j € [N], A;(#) is a continuous function on [0,00), A;(0) < 0 and
Aj(f) — oo as § — oo. Thus, there exists a unique positive solution ¢ of the scalar
equation A;(f) = 0. Let 0 = min;<;<y0;. Since the function A;(0) is increasing in 0,
we have
A(0) < ,(87) = 0
and hence A;(0) < 0forall j € [N].
Consider the following functions

pi(t) = (Haﬁ—erc—Rl)& ot t>0,j €[N

K

and p;(t) = p;(0) for t € [-7,0]. Note also that for any k& € [N], we have

pr(t = Ti(t)) = rpe D)
— eo"rk(t)pk(t> < €UT+IOk(t), t> 0.
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Therefore,

N N
—djry pi(t)+ > amllpe(t) + > blfpr(t — (1))
k=1

k=1

N N
<[ =dis &+ Y antlé+ (D0 bl e [ me
k=1 k=1

= [_ €+ (i bjkliék) (e‘”+ - 1) ]me“’t
k=1

(Aj(o) — aéj)/{e_”t.

IN

It can be deduced from (3.11) that

N N
Pi(t) = =diry pi(6) + > aglipn(t) + D biwlfpr(t — m(t), ¢ >0.
k=1

k=1

We now define the following transformation
(1) = v;(t) = Ro&j, j € [N].

It follows from (3.9) that

N N
DFi(t) < = diry 0 (1) + D aplfon(t) + > billon(t — mi(t))
k=1 k=1

N
+ R2< — djrgjfj + Z(a]kl,f + bjklz)fk) —+ 77;
k=1
Since
N
R2< —dyrz &+ Y (apdf + bjkli)fk) + 1 < —Rge. + 15 <0,
k=1

from (3.14), we obtain

(3.11)

(3.12)

(3.13)

(3.14)

N N
D¥pi(t) < —djrg @;(t) + Y aplion(t) + D bllor(t — (1), t>0. (3.15)
k=1

k=1

Finally, we will prove that ¢;(t) < p;(t). Let x;(t) = ¢;(t) — p;(t). It follows

from (3.12) and (3.15) that

N N
D+Xj<t> S _djTEij(t) + Z ajkl,f)(k(t) + Z b]kliXk(t — Tk(t))v t Z 0. (316)
k=1

k=1
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Fort € [-71,0], we have

0;(t) < |65 — z5llc — Raé;

< Bl = zelle — B1)&; = pi(0).

Thus, x;(t) < 0fort € [—7",0]. Assume that there exist an index j € [N]andat; > 0
such that

Xj(tl) = 07 X](t) < 07 te [_7—+>t1)7 and Xk(t) < 07 te [_7—+7t1]'
From (3.16), we have
DTx;(t) < —djrg x;(t), t€[0,t),

which gives
() < x;(0)e 50 teot). (3.17)
Lett 1 ¢4, ti can be deduced from (3.17) that

—djr[;_t

0= Xj(tl) < X]<0)6 it < 0.

This clearly raises a contradiction. Therefore,

() = @;(t) + Roj < Rof; + pj(t)
<& (Re+ B(ll¢ — zellc — Ri)e™)

and, consequently, we can get
l2(t) = |l = [l < B2+ B¢ = zellc = Ra)e™
by which we readily obtain

limsup ||z(t) — z|| < I H
¢

—00 *

Finally, let Z(t) be the solution of (2.1) with initial function ¢ € C([—7*,0], RY),
#(s) = 0,s € [-7",0], and input w = 0. By Proposition 3.1, the corresponding trajectory
Z(t) > 0 for all t > 0. Moreover, we select n* as ~ye, 1y for v > 0 then

0 <limsup ||Z(t) — x| <~
t—o0

for any v > 0. Let v — 0" we then obtain x, = lim; ,, Z(¢) > 0. This shows that z. is
the unique positive EP of system (2.1). The proof is completed. ]
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4. Simulations

0o 1
Figure 1. Convergence within the ball B(zx.,1/¢.)

Consider system (2.1) with linear decay rates [3;(z;) = z; and Bolzmann
sigmoid-type activation functions

_ _ x5
1 — exp( 19j>

The decay rates and connection matrices are given by
D ={1.0,1.2,1.5}
and
0.5 06 0.25 0.15 0 0.35
A= 107 04 0|, B=102 03 0.3
0.2 0.15 0.1 0.1 04 0.25

It is clearly that Assumption (A) is satisfied with lf = lj-’ = ﬁ. Letd, = 2,99 =1,
Y3 =1and V; = 0.5,Vy = 0.8, V3 = 1. Wehave Ly = L, = {0.25,0.5,0.5} and hence

1 —0.2375
(=D+ ALy + BL,) |1| = | —0475 | < —e, 15,
1 —0.975
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where ¢, = 0.2375. By Theorem 3.1 system (2.1) has a unique positive EP z, € R?. By
solving equation (2.2) using Matlab Toolbox, the EP x. is obtained as

z. = (2.0666,2.2391,1.3265) .

For illustrative purpose, we fix n* = 15 then we have

1
limsup [|z(t) — z.[| < — = 4.2105.
€

t—o0 *

A phase diagram of 50 state trajectories of the system with delay 7;(t) =
5| sin(0.2t)| is presented in Figure ??. It can be seen that the conducted state trajectories
converge within a ball centered at the positive EP z.. This validates the obtained
theoretical results.

5. Conclusions

This paper investigated the dissipativity of a positive neural networks model with
time-varying delays. Based on some novel comparison techniques via differential and
integral inequalities, sufficient conditions have been formulated to ensure the existence
and global dissipativity of a unique positive EP of the system. A numerical example
with simulation have been presented to demonstrate the effectiveness of the derived
theoretical results.
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