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Abstract. The asymptotic behavior of solutions to the three-dimensional
NavierStokes equations is a longstanding and challenging open problem, which has
seen numerous important contributions in recent years. In this paper, we consider
the NavierStokes equations with damping and delay terms on a bounded domain
Q C R3. Using the energy method, we prove the existence of global attractors,
thus establishing the long-time stability and compactness of the solution set for
this class of delayed fluid dynamic models.
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1. Introduction

Let  be a bounded domain in R?, with smooth boundary 9€). We consider the
following three-dimensional Navier-Stokes equations with damping and delays

(O — vAu+ (u-V)u+ Vp+alul’u = h(x) + Gu(t — p(t))),

(t,x) € (0,T) x £,
divu =0 (t,z) € (0,T) x €,
u(z,t) =0 (t,z) € (0,T) x T, (1.)
u(0, ) = up(x), x € €,
L u(t, ) =o¢(t,z), (t,x)€ (—r,0)xQ,

where v > 0 is the kinematic viscosity, « > 0 and § > 1 are two constants, u = u(x,t) =
(u1,u9, usz) is the velocity field of the fluid, p is the pressure, & is a nondelayed external
force field, GG is another external force term. GG incorporates memory effects over a fixed
time interval of length » > 0, p is a given delay function, u, represents the initial velocity,
and ¢ is the initial datum over the interval.
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The equations (1.1) in the case &« = 0 and G = 0 corresponds to the classical
Navier-Stokes problem. 1In [1], the authors studied the case of G = 0, that is
three-dimensional Navier-Stokes equations involved damping. A number of damping
results from resistance to the motion of the flow and applications to various physical
scenarios, including porous media flow, drag or friction effects, and certain dissipative
mechanisms, have been established (see [2]-[5]).

Navier-Stokes equations with delays in the case of two dimension have been studied
by Caraballo T & et al. [6]. In [7], the authors studied three-dimensional Navier-Stokes
equations of forcing term with bounded variable delays. It is assumed that G : R® — R?
is a measurable function satisfying G(0) = 0, and there exists L > 0 such that

|G(u) — G(v)|gs < Lg|u — v|gs, (1.2)

for all u,v € R3. Let p(t) € C*([0,T1), p(t) > 0 forall ¢ € [0,T], r = maxsepr) p(t) >
0 and p. = maxco71 0 () < 1. Galerkin method is utilized to show the existence of
weak solutions to (1.1) (see [6], [8]). To establish a priori estimates for u(t — p(t)), the
technique of changing variables proposed in [9] was taken in use.

In this work, we revisit to study equation (1.1) and consider the existence of global
attractors to this model. We will use the energy method to show the existence of global
attractors. The remainder of the paper is organized as follows: In Section 2, we introduce
some function spaces and lemmas that will be utilized in this study. Section 3 focuses on
establishing the existence of global attractors for the model.

2. Preliminaries

We consider the following functional space:
V={ue (C)*: V-u=0}.

Let H be the closure of V in (L%(2))? equipped with the norm | - | and inner product (-, -)

defined by
3
(u,v) = Z/ wi(x)vy(z)dz,
i=1 /@

for u,v € (L*(Q))®. We denote V as the closure of V in (H}(2))?, equipped with norm
|| - || and associated scalar product ((-, -)) defined by

3
. auj 81)]- 1 3
(w,0) =Y /Q oy 8xidx for u,v € (Hg ().

1,j=1

We use || - ||« to denote the norm in V' and (-, -)y,1+ for the dual pairing between V' and
V’. The Stokes operator A : V' — V' is defined by (Au,v) = ((u,v)). Let P be
the Helmholtz-Leray orthogonal projection in (H}(€2))? onto the space V. Then, for all
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u € D(A) = (H*(Q))>NV, we have Au = —PAu. We know that there exists a complete
orthonormal set of eigenfunctions {w;}22, C H such that Aw; = \jw; and

O<)\1§)\2§)\3§---§)\j—>—|—ooasj—>oo.
The following inequalities are typically referred as Poincaré inequalities
lul> > A\ |uf?, forallu €V, (2.1)

lu|? > A ||lu|?, forallu € H.

We define the trilinear formbon V' x V x V by

for all u,v,w € V,and B: V x V. — V' by (B(u,v),w) = b(u,v,w). We can express
B(u,v) = P[(u - V)v]. It is easily verified that for all u,v,w € V, the trilinear form
satisfies b(u, v, w) = —b(u, w, v),. In particular,

b(u,v,v) =0,

for all u,v € V. By using the Holder and Ladyzhenskaya inequalities, we can determine
an optimal positive constant cy such that

b, 0, w)] < collul o w2 ]2, 2.2)
for all u, v, w € V. From (2.2) and using Poincaré’s inequalities (2.1), we obtain that
—1/4
b, v, w)] < cody M lulfo]l ]
for all u, v, w € V. We recall the following lemma from [10].

[b(u, v, w)| < exful[lullllo]], (2.3)

for all u,v € V.
In [7], we presented the following definition of a weak solution.

Definition 2.1. A function
u€ Lio([=r, T V) N C([=r, T} H) 0 Lt ([=r, T]; L7(Q))

is said to be a weak solution of (1.1) if for all T > 0,

u € L0, T; H)N L*(—r,T; V)
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such that, for allv € V,

d

S (u(t), v) + v((u(t),0))+b(u(t), u(t), v) + a(ful* M, v)

= (h,v) + (G(u(t — p(t))), v),
u(0) = o,
u(t) = o(t), te(—r0).

We also established the existence and uniqueness of weak solutions (see [7,
Theorem 3.1]):

Theorem 2.1. Let assumption (1.2) hold and assume uy,h € H and ¢ € L*(—r,0; H).
L

Then, a unique solution to (1.1) exists if v* > 2—G
M= ps)
3. Existence of a global attractor

The initial condition u, defined on [—r, 0] to H is given by
us(0) = u(s +6) forall § € [—r,0], forany s € [0,7].

If p(t) = —6, 0 € [—r,0] then u(0) = u(t + 0) = u(t — p(t)). We define a mapping
S(t): L*(—r,0; H) x H — L*(—r,0; H) x H satisfying

S(8)(9,u0) = (ur, u(t)),

where u(t) is a unique solution of (1.1) with initial history ¢ and initial state uy. The
family {S(t)}+>0 satisfies the semigroup property, that is, S(0) = I and

S(t+s)=S(t)oS(s), Vit s>0,

This property follows from the causality and well-posedness of the delayed system.
Specifically, by solving the system on the interval [0, ¢ + s] from the initial data (¢, uo)
yields the same result as solving on [0, s] to obtain (us, u(s)), and then using this as new
initial data to solve from time s to s + ¢. Hence, the operator composition satisfies

S(t+ s)(p,ug) = S(t)(us,u(s)) = S(t) o S(s)(¢, ug)-

The semigroup property is fundamental for analyzing the long-time behavior
of the system, particularly in the construction of a global attractor. It ensures that
the evolution defines a well-posed dynamical system, to which the classical theory of
infinite-dimensional dissipative systems can be utilizable.

We have the following continuity results.

Lemma 3.1. Let (1.2) hold and assume uy,h € H and ¢ € L?*(—r,0; H). Then, the
mapping S(t) : L*(—r,0; H) x H — L*(—r,0; H) X H is continuous for any t € [0,T.

6



Global attractors to three-dimensional Navier-Stokes equations with damping and delays

Proof. Let (¢, ug), (¥,v9) € L*(—r,0; H) x H be two pairs of initial data for problem
(1.1) and u, v as their respective solutions. Defining w = u — v, we obtain

%w AW [(u- V)u— (0 V)] + Vpe — 1) + [aful’ u — alo]10]
= Glu(t — p(t))] = Glo(t — p(1))].
We deduce that

1d

S Sl vl + (- Ve — (0 F)o,u]

+ [oful™ u — alo" T, w] = (Glu(t — p(t)] = Glo(t — p(t)], w).
From [11], there exists a nonnegative constant x = (a, 3) such that
a/(\u!ﬁlu — o] ) (u — v)dz > /1/(|u]51 + [P u — v[*dz > 0.
Q Q

Therefore, from (2.3), we obtain

1d

570l +vlwl® < afwllullloll + Lofw(t = p(0)] - [l

Lg
< cofu P+l + Shl? + =St — ()]
Using (1.2), we have
d 2 2 2 2
S0l = (L 2eflulP)|w]” + Lelw(t — p(1))

Let 7 = s — p(s). Given that p(s) € [0,7] and 1= < 1=, we obtain

t=p(t) 1
/\ws— \ds—/ T (7)|*d § /\w )|dr
1_/0*/ "LU

IwMFShM®F+A<L+%ﬂM$WWM@ﬁk+LG/Iw@—p@m%s

/]w \dT

G.1)
7')|2d’7'.

Using (3.1), we have

t
gmwww+/u+mmwwmm|w+

1—,0*/ lw(T)|*dT.
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Consequently,
w(t)]®
L 0 ! L
<o =+ = [o-vPast [ (14 2alu) P+ 12 (o) Pds
- P« J—r 0 1- P
2 Lg 2 ' 2 Lg 2
< |ug — vo|” + 1—p |¢_¢’L2(—T7O;H) + (1+202HU(3)|| + 1—p >|w(3)| ds.
* 0 *

By the Gronwall lemma, we obtain
w(t)|* = Ju(t) —v(t)[”

L ¢ L
< (juo = ol + T2k = Ul e Jero( [ (1 2eallur) | + 725 )ar).

Here 6 € [—r, 0], we have

|Ut - Ut|2

< sup |u(t+0)—v(t+0)?
0e[—r,0]

Le , t+0 ) Lo ;
1 _p*|¢—¢|L2(_T7O;H)>exp( i (2CQHU(S>H +1+ T, > s)

L t L
< (‘Uo — vol® + 1 _Gp ¢ — Tﬁ’%?(—r,o;H))eXP(/ (202”15(3”\2 +1+ ] _Gp )ds).
* 0 *

Thus,

< <\u0 —vo® +

0
= 0l = [ ) = w®)Pd9

0
S/ sup |u(t+0) —v(t + 0)|*dd

—r 0€[—r,0]

0
La
< / (]uo — Uo‘z + 1 P ‘QS - w‘%Q(—r,O;H))

-

exp(/OHG (1 + 2¢s|[u(s)||? + 1[_’Gp )ds)de

*

0
La
< / <|U0—U0‘2+ 1 s |¢_¢|%2(—T’,O;H)>

-r

t L

exp(/ (1+202||u(s)|]2+1 < >ds>d9
0 — Px

L¢ 9

R ey

exp(/ot (1 + 2¢o|u(s)|)* + 7 [_/Gp*>ds>.

S T<|U0 — Uo|2 +

The proof is completed.
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The following lemma shows the existence of an absorbing setin L?(—r,0; H) x H.

Lemma 3.2. Let (1.2) hold and assume vy, h € H and ¢ € L*(—r,0; H). Then S(t) has
an absorbing set By in L*(—r,0; H) x H.

Proof. Multiplying (1.1) to v in H, we have

5 bl ol ool u) = () + (Gt — pl6),w).

Using (1.2), we obtain

1d

5l vl + o / ful ™ dar <[] - u] + La|u(t = p(t)] - Jul.

By the Cauchy inequality, we can choose ¢ > 0 small enough such that \yv > 2Ls + 0.

Then,

1d
§£|u\2+y|]uﬂ2+a/ﬂ|u|ﬂ+1dx

1 L
< P +oful + gG\U(t — p(t))]* + 2Lc|ul*.

From A |u|? < ||lul|?, we obtain
2 1 2, La 2 2
Silul” < oA+ —Flult = p())]7 = (2vh = (20 +4La))ul”

L¢

We choose m € (0,mg), mo > 0 such that v\, > S0= o)
J— p*

e +2Lg+o+ % Then,
d d
—(emt|u\2) — memt’u‘Q + emta‘uP

dt
1 L¢

< meuf? + e PP + ZEem ult — p(t))

— (2u\ — (20 +4Lg))e™ |ul?.

Hence,
d mt 2 1 mt 2 LG mt 2 mt 2
E(e lu|?) < %e |h|* + Te lu(t — p(t))]* + (m — (2vA; — (20 + 4L¢g)))e™ |ul”.

Integrating between 0 and ¢ we get
mt 2 2 1 mt 2 LG ! ms 2
e u(t)? — ol < e B+ =2 [ e lugs — p(s) Pds
0 ; (3.2)
+ (m — (2vA — (20 + 4Lg)))/ e lu(s)|?ds.
0
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Now, let 7 = s — p(s). Given that p(s) € [0,7] and 1= < =-, we then obtain
t 1 t
/ ™ u(s — p(s))|?ds < / eIy (7)dr
0 1- Px J—p
emr t
/ e u(T)|dr.

:1_p* —r

Combining (3.2) and (3.3), we have

1 L t
e u(t)]* — |ug|® < %emth2 + ﬁem’”/ ™ |u(s)*ds

+ (m — (2vA — (20 +4L¢))) /Ot ™ |u(s)|*ds.

From u(t) = ¢(t) fort € (—r,0), we get

()] — fuo
1 Le 0
< mt h 2 mr ms 2d
< g+ s [ e oopas

Lg

(3.3)

HETEEES) _p*)em’”/o e u(s)*ds + (m — (2vA, — (20+4LG)))/0 ™ u(s)|2ds

_ 1 mt’h’2+ LG mr/o ms’¢( )‘2d
—_2 e —4(1—p*>€ e S S

mo L

La
4(1 = p.)
0

1 Lq
< mthQ mr ms 2d.
< g+ g [ emao)as

T

+ (m + e — (2uA; — (20 + 4LG))> /Ot ™ |u(s)|*ds

Thus,
e u(t)]* < |ug)® + L|h|2 + iemr /0 e | (s)|*ds
=70 2mo 4(1 — py) _, '
and
|u(t)|2 < L|h|2+e—mt<|u |2 + Lemr /0 6m8|¢(5)|2d8>
~ 2mo 0 4(1 — p.) '

T

Therefore,
u(t — p(t))[?

1 L
h 2 —m(t—p(t))( 2 G mr /
_2ma| "+ e |uo| +—4(1—p*)6

0

emlg(s)ds)

IN

LG mr 0 ms
e / elo(s) )

1 La 0
h 2 —mt mr( 2 mr/ ms 2d )

IN

1
2_|h|2 + et emp(lt)<|u0|2 +
mao

IN
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for p € [0, 7].
Here 6 € [—r, 0], we obtain

Ju(t +0)|*
0

1 L
< _‘h‘2+€m(t+9)(|u0‘2+ﬁemr/ €m5‘¢(8>’2d5>

~ 2mo .

1 —m(t—r LG mr ‘ ms
S Ih? e )(|u0|2+me /e 9(s)|ds)

1 0
— h2 7mt( mr 2 ZmT/ ms 2d >
g 7 ¢ (¢ ol + g [ e a(s)Pas

2mo .

<

Hence,

0

Tem8\¢<s>|2ds).

1 L
2 < h2 —mt( mr 2 G 2mr
|y __2mcr| I“+e e up| +—4(1—p*)€

1
Denoting 21 = ——|h|?, we obtain
2 2mo

lw)® < po. (3.4)

This implies that the ball By = B¢, (0, py) is an absorbing set for the semigroup S(t).
0

Lemma 3.3. Suppose that the assumptions of Lemma 3.2 hold. Then S(t) is
asymptotically compact in L*(—r,0; H) x H.

Proof. We denote a bounded set B in L*(—r, 0; H) x H, and a sequence of solutions u"(-)
in [0, +00) with initial data (uy, ") € B. Consider the sequence " = S(t,,)¢", where
t, — 400 asn — +oo. We will demonstrate that this sequence is relatively compact in
L*(—r,0; H) x H.

Let T' > 0, we first prove that £" is relatively compact in L?(—r, 0; H). From (3.4),
there exists an integer nq such that ¢,, > 7" for all n > ny and

1€" [L2(—r0;mm) < P (3.5)
Denote y"(-) = uy _,(-) = u"(- +t, — T). Then, for each n > 1 such that t,, > T, the
function y" is a solution on [0, T'] to a problem similar to (1.1), namely,
d
dt’
where yy = ui _p, yp = §". Then yg satisfies the estimates in (3.5), Vn > ng. Using
similar arguments as in the proof of Theorem 2.1, we obtain

(1) = vAY" (" V)Y aly" ()17 () = Gyt (- p(t))) + by

y" (t,) — y(to) weakly in V if ¢, — to € [0, T7.
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From (1.2) also, we get

/O GO — p(t))ds < Ct,

forall 0 <t < T, with C' > 0 does not depend either on n or t. Using G(y" — p(t)) —
& —p(t)in L*(0,T; H), we have

¢ ¢
/ |€2dr < liminf/ |Gy — p(7))|dT < C(t — s),
s n—-+0o0o s

forall 0 < s <t < T'. Hence, we can take the limit and show that y is a solution to a
problem similar to (1.1), that is

S0.0 + v(w(0,0) + Bu(®). ) + [ (alu®)y(0). e = (.¢) + Q).

0
|d7’—|——/ |2(r)|2dr,

AR+ v / l=(t)|Pdr + 2 / (o= 2(r)), 2(r))

forall ¢ € L*(0,T; V) N LA+1(0,T; Lﬁ+1(Q)). Since

[ fete =0

we have the energy inequality

= |z(s)]* + 2/ (h, z(r))dr +2C(t — s),

forall 0 < s <t <T,withz=y"orz =y.
Let J,, and J be two functions from [0, 7] to R and satisfying

t

1) = gln®F + [ (@l P65 = [ by )as

70 = SlOF + [ (ly(e) P u(s)) s = [ (hy(s))as c

Then, J,,, J are two non-increasing continuous functions. Since y"(t) converges to y(t)
for almost every t € (0,7"), we have

Jn(t) — J(t) for almost every t € [0, T].

Analogously to the proof of Theorem 2.1, for a fixed to > 0, using {¢;} with t, — t,, we
can establish the convergence of the norms:

lim |y"(tn)| = |y(to)|-

n—o0
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Thus, together with the previously established weak convergence, we can conclude that
y" —yin C([0,T]; H).

From 7" > 0 and y" — y in C([0, T]; H), we deduce that {* — ¢ in C([0,T]; H),
where p(s) = y(s + T), for s € [—r,0]. By repeating this procedure for 27", 37T, etc.,
and using a diagonal argument (relabelling the subsequence if necessary), we obtain
a continuous function ¢ : (—r,0] — H and a subsequence such that " — ¢ in
C([—r,0]; H) on every interval [—r, 0]. Moreover, for a fixed 7' > 0, we also have

o(s) < pa,

forall s € [—r,0] and T > 0. We now claim that £ converges to ¢ in L*(—r,0; H).
Indeed, we need to show that for every € > 0, there exists n. such that

1£7(s) — @(s)]* < e, (3.6)

for all n > n.. Fix T. > 0 such that p% < Z

From the above step, we obtain £” — ¢ in C'([—r,0]; H), so there exists an n. =
ne(T.) such that for all n > n,., we have

€"(s) = @(s)]* <&, foralt, > T..
To prove (3.6), we only need to verify that:
[€"(s) = #(s)* < e, foralln > ne.
Using (3.5) and the choice of T, we can verify that for all k € NU {0} and s € [—(T. +

k+ 1), —(T- + k)], the following inequality holds

0 0
[ teokds < [ lets -1 - pypas < 5.
Thus, it suffices to prove that

() < 5, Vn > ne
We have
n (s + 1), ifse|—r —1,),
sy = O nh S E )
u"(s+t,), ifs e [—t,,0].

To complete the proof, we need to establish that

max{/o |p" (s +tn)|2ds,/0 [u" (s +tn)|2d5} <

A~ ™

13
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The first term of above inequality can be estimated as follows

[ 166 v iras <

T

And for the second term, we have

=1 M

0
/ [u™ (s 4 t,)|*ds <

We obtain the following theorem from lemmas 3.2 and 3.3.

Theorem 3.1. Let the assumptions of Lemma 3.2 hold. Then S(t) has a global attractor
in L*(—r,0; H) x H.

[10]
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