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Abstract. The asymptotic behavior of solutions to the three-dimensional
NavierStokes equations is a longstanding and challenging open problem, which has
seen numerous important contributions in recent years. In this paper, we consider
the NavierStokes equations with damping and delay terms on a bounded domain
Ω ⊂ R3. Using the energy method, we prove the existence of global attractors,
thus establishing the long-time stability and compactness of the solution set for
this class of delayed fluid dynamic models.
Keywords: Navier-Stokes equation, global attractors, delays, damping.

1. Introduction
Let Ω be a bounded domain in R3, with smooth boundary ∂Ω. We consider the

following three-dimensional Navier-Stokes equations with damping and delays

∂tu− ν∆u+ (u · ∇)u+∇p+ α|u|β−1u = h(x) +G(u(t− ρ(t))),

(t, x) ∈ (0, T )× Ω,

divu = 0 (t, x) ∈ (0, T )× Ω,

u(x, t) = 0 (t, x) ∈ (0, T )× Γ,

u(0, x) = u0(x), x ∈ Ω,

u(t, x) = φ(t, x), (t, x) ∈ (−r, 0)× Ω,

(1.1)

where ν > 0 is the kinematic viscosity, α > 0 and β ≥ 1 are two constants, u = u(x, t) =
(u1, u2, u3) is the velocity field of the fluid, p is the pressure, h is a nondelayed external
force field, G is another external force term. G incorporates memory effects over a fixed
time interval of length r > 0, ρ is a given delay function, u0 represents the initial velocity,
and φ is the initial datum over the interval.
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The equations (1.1) in the case α ≡ 0 and G ≡ 0 corresponds to the classical
Navier-Stokes problem. In [1], the authors studied the case of G ≡ 0, that is
three-dimensional Navier-Stokes equations involved damping. A number of damping
results from resistance to the motion of the flow and applications to various physical
scenarios, including porous media flow, drag or friction effects, and certain dissipative
mechanisms, have been established (see [2]-[5]).

Navier-Stokes equations with delays in the case of two dimension have been studied
by Caraballo T & et al. [6]. In [7], the authors studied three-dimensional Navier-Stokes
equations of forcing term with bounded variable delays. It is assumed that G : R3 → R3

is a measurable function satisfying G(0) = 0, and there exists LG > 0 such that

|G(u)−G(v)|R3 ≤ LG|u− v|R3 , (1.2)

for all u, v ∈ R3. Let ρ(t) ∈ C1([0, T ]), ρ(t) ≥ 0 for all t ∈ [0, T ], r = maxt∈[0,T ] ρ(t) >
0 and ρ∗ = maxt∈[0,T ] ρ

′(t) < 1. Galerkin method is utilized to show the existence of
weak solutions to (1.1) (see [6], [8]). To establish a priori estimates for u(t − ρ(t)), the
technique of changing variables proposed in [9] was taken in use.

In this work, we revisit to study equation (1.1) and consider the existence of global
attractors to this model. We will use the energy method to show the existence of global
attractors. The remainder of the paper is organized as follows: In Section 2, we introduce
some function spaces and lemmas that will be utilized in this study. Section 3 focuses on
establishing the existence of global attractors for the model.

2. Preliminaries
We consider the following functional space:

V =
{
u ∈ (C∞0 (Ω))3 : ∇ · u = 0

}
.

Let H be the closure of V in (L2(Ω))3 equipped with the norm | · | and inner product (·, ·)
defined by

(u, v) =
3∑
i=1

∫
Ω

ui(x)vi(x)dx,

for u, v ∈ (L2(Ω))3. We denote V as the closure of V in (H1
0 (Ω))3, equipped with norm

‖ · ‖ and associated scalar product ((·, ·)) defined by

((u, v)) =
3∑

i,j=1

∫
Ω

∂uj
∂xi

∂vj
∂xi

dx for u, v ∈ (H1
0 (Ω))3.

We use ‖ · ‖∗ to denote the norm in V ′ and 〈·, ·〉V,V ′ for the dual pairing between V and
V ′. The Stokes operator A : V → V ′ is defined by 〈Au, v〉 = ((u, v)). Let P be
the Helmholtz-Leray orthogonal projection in (H1

0 (Ω))3 onto the space V . Then, for all
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u ∈ D(A) = (H2(Ω))3∩V , we haveAu = −P∆u. We know that there exists a complete
orthonormal set of eigenfunctions {wj}∞j=1 ⊂ H such that Awj = λjwj and

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · ≤ λj → +∞ as j →∞.

The following inequalities are typically referred as Poincaré inequalities

‖u‖2 ≥ λ1|u|2, for all u ∈ V, (2.1)

|u|2 ≥ λ1‖u‖2
∗, for all u ∈ H.

We define the trilinear form b on V × V × V by

b(u, v, w) =
3∑

i,j=1

∫
Ω

ui
∂vj
∂xi

wjdx,

for all u, v, w ∈ V , and B : V × V → V ′ by 〈B(u, v), w〉 = b(u, v, w). We can express
B(u, v) = P [(u · ∇)v]. It is easily verified that for all u, v, w ∈ V , the trilinear form
satisfies b(u, v, w) = −b(u,w, v),. In particular,

b(u, v, v) = 0,

for all u, v ∈ V. By using the Hölder and Ladyzhenskaya inequalities, we can determine
an optimal positive constant c0 such that

|b(u, v, w)| ≤ c0‖u‖‖v‖|w|1/2‖w‖1/2, (2.2)

for all u, v, w ∈ V. From (2.2) and using Poincaré’s inequalities (2.1), we obtain that

|b(u, v, w)| ≤ c0λ
−1/4
1 ‖u‖‖v‖‖w‖,

for all u, v, w ∈ V. We recall the following lemma from [10].

|b(u, v, u)| ≤ c1|u|‖u‖‖v‖, (2.3)

for all u, v ∈ V.
In [7], we presented the following definition of a weak solution.

Definition 2.1. A function

u ∈ L2
loc([−r, T ];V ) ∩ C([−r, T ];H) ∩ Lβ+1

loc ([−r, T ];Lβ+1(Ω))

is said to be a weak solution of (1.1) if for all T > 0,

u ∈ L∞(0, T ;H) ∩ L2(−r, T ;V )
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such that, for all v ∈ V ,

d

dt
(u(t), v) + ν((u(t), v))+b(u(t), u(t), v) + α(|u|β−1u, v)

= (h, v) + (G(u(t− ρ(t))), v),

u(0) = u0,

u(t) = φ(t), t ∈ (−r, 0).

We also established the existence and uniqueness of weak solutions (see [7,
Theorem 3.1]):

Theorem 2.1. Let assumption (1.2) hold and assume u0, h ∈ H and φ ∈ L2(−r, 0;H).

Then, a unique solution to (1.1) exists if ν2 >
LG

λ2
1(1− ρ∗)

.

3. Existence of a global attractor
The initial condition us defined on [−r, 0] to H is given by

us(θ) = u(s+ θ) for all θ ∈ [−r, 0], for any s ∈ [0, T ].

If ρ(t) = −θ, θ ∈ [−r, 0] then ut(θ) = u(t + θ) = u(t − ρ(t)). We define a mapping
S(t) : L2(−r, 0;H)×H → L2(−r, 0;H)×H satisfying

S(t)(φ, u0) = (ut, u(t)),

where u(t) is a unique solution of (1.1) with initial history φ and initial state u0. The
family {S(t)}t≥0 satisfies the semigroup property, that is, S(0) = I and

S(t+ s) = S(t) ◦ S(s), ∀ t, s ≥ 0.

This property follows from the causality and well-posedness of the delayed system.
Specifically, by solving the system on the interval [0, t + s] from the initial data (φ, u0)
yields the same result as solving on [0, s] to obtain (us, u(s)), and then using this as new
initial data to solve from time s to s+ t. Hence, the operator composition satisfies

S(t+ s)(φ, u0) = S(t)(us, u(s)) = S(t) ◦ S(s)(φ, u0).

The semigroup property is fundamental for analyzing the long-time behavior
of the system, particularly in the construction of a global attractor. It ensures that
the evolution defines a well-posed dynamical system, to which the classical theory of
infinite-dimensional dissipative systems can be utilizable.

We have the following continuity results.

Lemma 3.1. Let (1.2) hold and assume u0, h ∈ H and φ ∈ L2(−r, 0;H). Then, the
mapping S(t) : L2(−r, 0;H)×H → L2(−r, 0;H)×H is continuous for any t ∈ [0, T ].
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Proof. Let (φ, u0), (ψ, v0) ∈ L2(−r, 0;H) × H be two pairs of initial data for problem
(1.1) and u, v as their respective solutions. Defining w = u− v, we obtain

d

dt
w − ν∆w + [(u · ∇)u− (v · ∇)v] +∇[pu − pv] + [α|u|β−1u− α|v|β−1v]

= G[u(t− ρ(t))]−G[v(t− ρ(t))].

We deduce that

1

2

d

dt
|w|2 + ν‖w‖2 + [(u · ∇)u− (v · ∇)v, w]

+ [α|u|β−1u− α|v|β−1v, w] =
(
G[u(t− ρ(t))]−G[v(t− ρ(t))], w

)
.

From [11], there exists a nonnegative constant κ = κ(α, β) such that

α

∫
Ω

(|u|β−1u− |v|β−1v)(u− v)dx ≥ κ

∫
Ω

(|u|β−1 + |v|β−1)|u− v|2dx ≥ 0.

Therefore, from (2.3), we obtain

1

2

d

dt
|w|2 + ν‖w‖2 ≤ c1|w|‖u‖‖w‖+ LG|w(t− ρ(t))| · |w|

≤ c2|w|2‖u‖2 + ν‖w‖2 +
1

2
|w|2 +

LG
2
|w(t− ρ(t))|2.

Using (1.2), we have

d

dt
|w|2 ≤ (1 + 2c2‖u‖2)|w|2 + LG|w(t− ρ(t))|2.

Let τ = s− ρ(s). Given that ρ(s) ∈ [0, r] and 1
1−ρ′ ≤

1
1−ρ∗ , we obtain∫ t

0

|w(s− ρ(s))|2ds =

∫ t−ρ(t)

0−ρ(0)

1

1− ρ′
|w(τ)|2dτ ≤ 1

1− ρ∗

∫ t

−r
|w(τ)|2dτ

=
1

1− ρ∗

∫ 0

−r
|w(τ)|2dτ +

1

1− ρ∗

∫ t

0

|w(τ)|2dτ.
(3.1)

Using (3.1), we have

|w(t)|2 ≤ |w(0)|2 +

∫ t

0

(1 + 2c2‖u(s)‖2)|w(s)|2ds+ LG

∫ t

0

|w(s− ρ(s))|2ds

≤ |u0 − v0|2 +

∫ t

0

(1 + 2c2‖u(s)‖2)|w(s)|2ds+
LG

1− ρ∗

∫ 0

−r
|w(τ)|2dτ

+
LG

1− ρ∗

∫ t

0

|w(τ)|2dτ.
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Consequently,

|w(t)|2

≤ |u0 − v0|2 +
LG

1− ρ∗

∫ 0

−r
|φ− ψ|2ds+

∫ t

0

(
1 + 2c2‖u(s)‖2 +

LG
1− ρ∗

)
|w(s)|2ds

≤ |u0 − v0|2 +
LG

1− ρ∗
|φ− ψ|2L2(−r,0;H) +

∫ t

0

(
1 + 2c2‖u(s)‖2 +

LG
1− ρ∗

)
|w(s)|2ds.

By the Gronwall lemma, we obtain

|w(t)|2 = |u(t)− v(t)|2

≤
(
|u0 − v0|2 +

LG
1− ρ∗

|φ− ψ|2L2(−r,0;H)

)
exp
(∫ t

0

(
1 + 2c2‖u(τ)‖2 +

LG
1− ρ∗

)
dτ
)
.

Here θ ∈ [−r, 0], we have

|ut − vt|2

≤ sup
θ∈[−r,0]

|u(t+ θ)− v(t+ θ)|2

≤
(
|u0 − v0|2 +

LG
1− ρ∗

|φ− ψ|2L2(−r,0;H)

)
exp
(∫ t+θ

0

(
2c2‖u(s)‖2 + 1 +

LG
1− ρ∗

)
ds
)

≤
(
|u0 − v0|2 +

LG
1− ρ∗

|φ− ψ|2L2(−r,0;H)

)
exp
(∫ t

0

(
2c2‖u(s)‖2 + 1 +

LG
1− ρ∗

)
ds
)
.

Thus,

|ut − vt|2L2(−r,0;H) =

∫ 0

−r
|ut(θ)− vt(θ)|2dθ

≤
∫ 0

−r
sup

θ∈[−r,0]

|u(t+ θ)− v(t+ θ)|2dθ

≤
∫ 0

−r

(
|u0 − v0|2 +

LG
1− ρ∗

|φ− ψ|2L2(−r,0;H)

)
exp
(∫ t+θ

0

(
1 + 2c2‖u(s)‖2 +

LG
1− ρ∗

)
ds
)
dθ

≤
∫ 0

−r

(
|u0 − v0|2 +

LG
1− ρ∗

|φ− ψ|2L2(−r,0;H)

)
exp
(∫ t

0

(
1 + 2c2‖u(s)‖2 +

LG
1− ρ∗

)
ds
)
dθ

≤ r
(
|u0 − v0|2 +

LG
1− ρ∗

|φ− ψ|2L2(−r,0;H)

)
exp
(∫ t

0

(
1 + 2c2‖u(s)‖2 +

LG
1− ρ∗

)
ds
)
.

The proof is completed.
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The following lemma shows the existence of an absorbing set in L2(−r, 0;H)× H .

Lemma 3.2. Let (1.2) hold and assume u0, h ∈ H and φ ∈ L2(−r, 0;H). Then S(t) has
an absorbing set BH in L2(−r, 0;H)× H .

Proof. Multiplying (1.1) to u in H , we have

1

2

d

dt
|u|2 + ν‖u‖2 + (α|u|β−1u, u) = (h, u) + (G(u(t− ρ(t))), u).

Using (1.2), we obtain

1

2

d

dt
|u|2 + ν‖u‖2 + α

∫
Ω

|u|β+1dx ≤ |h| · |u|+ LG|u(t− ρ(t))| · |u|.

By the Cauchy inequality, we can choose σ > 0 small enough such that λ1ν > 2LG + σ.
Then,

1

2

d

dt
|u|2 + ν‖u‖2 + α

∫
Ω

|u|β+1dx

≤ 1

4σ
|h|2 + σ|u|2 +

LG
8
|u(t− ρ(t))|2 + 2LG|u|2.

From λ1|u|2 ≤ ‖u‖2, we obtain

d

dt
|u|2 ≤ 1

2σ
|h|2 +

LG
4
|u(t− ρ(t))|2 − (2νλ1 − (2σ + 4LG))|u|2.

We choose m ∈ (0,m0), m0 > 0 such that νλ1 >
LG

8(1− ρ∗)
emr + 2LG + σ +

m

2
. Then,

d

dt
(emt|u|2) = memt|u|2 + emt

d

dt
|u|2

≤ memt|u|2 +
1

2σ
emt|h|2 +

LG
4
emt|u(t− ρ(t))|2

− (2νλ1 − (2σ + 4LG))emt|u|2.

Hence,

d

dt
(emt|u|2) ≤ 1

2σ
emt|h|2 +

LG
4
emt|u(t− ρ(t))|2 + (m− (2νλ1 − (2σ + 4LG)))emt|u|2.

Integrating between 0 and t we get

emt|u(t)|2 − |u0|2 ≤
1

2mσ
emt|h|2 +

LG
4

∫ t

0

ems|u(s− ρ(s))|2ds

+ (m− (2νλ1 − (2σ + 4LG)))

∫ t

0

ems|u(s)|2ds.
(3.2)
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Now, let τ = s− ρ(s). Given that ρ(s) ∈ [0, r] and 1
1−ρ <

1
1−ρ∗ , we then obtain∫ t

0

ems|u(s− ρ(s))|2ds ≤ 1

1− ρ∗

∫ t

−r
em(τ+r)u(τ)dτ

=
emr

1− ρ∗

∫ t

−r
emτ |u(τ)|dτ.

(3.3)

Combining (3.2) and (3.3), we have

emt|u(t)|2 − |u0|2 ≤
1

2mσ
emt|h|2 +

LG
4(1− ρ∗)

emr
∫ t

−r
ems|u(s)|2ds

+ (m− (2νλ1 − (2σ + 4LG)))

∫ t

0

ems|u(s)|2ds.

From u(t) = φ(t) for t ∈ (−r, 0), we get

emt|u(t)|2 − |u0|2

≤ 1

2mσ
emt|h|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

+
LG

4(1− ρ∗)
emr

∫ t

0

ems|u(s)|2ds+ (m− (2νλ1 − (2σ + 4LG)))

∫ t

0

ems|u(s)|2ds

=
1

2mσ
emt|h|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

+
(
m+

LG
4(1− ρ∗)

emr − (2νλ1 − (2σ + 4LG))
)∫ t

0

ems|u(s)|2ds

≤ 1

2mσ
emt|h|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds.

Thus,

emt|u(t)|2 ≤ |u0|2 +
1

2mσ
|h|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds.

and

|u(t)|2 ≤ 1

2mσ
|h|2 + e−mt

(
|u0|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

)
.

Therefore,

|u(t− ρ(t))|2

≤ 1

2mσ
|h|2 + e−m(t−ρ(t))

(
|u0|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

)
≤ 1

2mσ
|h|2 + e−mt · emρ(t)

(
|u0|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

)
≤ 1

2mσ
|h|2 + e−mt · emr

(
|u0|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

)
,
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for ρ ∈ [0, r].
Here θ ∈ [−r, 0], we obtain

|u(t+ θ)|2

≤ 1

2mσ
|h|2 + e−m(t+θ)

(
|u0|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

)
≤ 1

2mσ
|h|2 + e−m(t−r)

(
|u0|2 +

LG
4(1− ρ∗)

emr
∫ 0

−r
ems|φ(s)|2ds

)
=

1

2mσ
|h|2 + e−mt

(
emr|u0|2 +

LG
4(1− ρ∗)

e2mr

∫ 0

−r
ems|φ(s)|2ds

)
.

Hence,

|ut|2 ≤
1

2mσ
|h|2 + e−mt

(
emr|u0|2 +

LG
4(1− ρ∗)

e2mr

∫ 0

−r
ems|φ(s)|2ds

)
.

Denoting
ρH
2

=
1

2mσ
|h|2, we obtain

|ut|2 ≤ ρH . (3.4)

This implies that the ball BH = BCH
(0, ρH) is an absorbing set for the semigroup S(t).

Lemma 3.3. Suppose that the assumptions of Lemma 3.2 hold. Then S(t) is
asymptotically compact in L2(−r, 0;H)×H .

Proof. We denote a bounded setB in L2(−r, 0;H)×H , and a sequence of solutions un(·)
in [0,+∞) with initial data (un0 , φ

n) ∈ B. Consider the sequence ξn = S(tn)φn, where
tn → +∞ as n → +∞. We will demonstrate that this sequence is relatively compact in
L2(−r, 0;H)×H .

Let T > 0, we first prove that ξn is relatively compact in L2(−r, 0;H). From (3.4),
there exists an integer n0 such that tn ≥ T for all n > n0 and

|ξn|L2(−r,0;H) ≤ ρH . (3.5)

Denote yn(·) = untn−T (·) = un(· + tn − T ). Then, for each n ≥ 1 such that tn ≥ T , the
function yn is a solution on [0, T ] to a problem similar to (1.1), namely,

d

dt
yn(t)− ν∆yn + (yn · ∇)yn + α|yn(t)|β−1yn(t) = G(yn(t− ρ(t))) + h,

where yn0 = untn−T , ynT = ξn. Then yn0 satisfies the estimates in (3.5), ∀n > n0. Using
similar arguments as in the proof of Theorem 2.1, we obtain

yn(tn) ⇀ y(t0) weakly in V if tn → t0 ∈ [0, T ].
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From (1.2) also, we get ∫ t

0

|G(yn − ρ(t))|2ds ≤ Ct,

for all 0 ≤ t ≤ T , with C > 0 does not depend either on n or t. Using G(yn − ρ(t)) ⇀
ξ − ρ(t) in L2(0, T ;H), we have∫ t

s

|ξ|2dτ ≤ lim inf
n→+∞

∫ t

s

|G(ynτ − ρ(τ))|dτ ≤ C(t− s),

for all 0 ≤ s ≤ t ≤ T . Hence, we can take the limit and show that y is a solution to a
problem similar to (1.1), that is

d

dt
(y(t), ζ) + ν((y(t), ζ)) +B(y(t), ζ) +

∫
Ω

〈(α|y(t)|β−1y(t)), ζ〉dx = (ξ, ζ) + 〈h, ζ〉,

for all ζ ∈ L∞(0, T ;V ) ∩ Lβ+1(0, T ;Lβ+1(Ω)). Since∫ t

s

∫
Ω

G(zr − ρ(t))z(r)dxdr ≤ 1

2λ1ν

∫ t

s

|G(zr − ρ(t))|2dr +
λ1ν

2

∫ t

s

|z(r)|2dr,

we have the energy inequality

|z(t)|2 + ν

∫ t

s

‖z(t)‖2dr + 2

∫ t

0

〈(α|z(r)|β−1z(r)), z(r)〉

= |z(s)|2 + 2

∫ t

s

〈h, z(r)〉dr + 2C(t− s),

for all 0 ≤ s ≤ t ≤ T , with z = yn or z = y.
Let Jn and J be two functions from [0, T ] to R and satisfying

Jn(t) =
1

2
|yn(t)|2 +

∫ t

0

〈(α|yn(s)|β−1yn(s)), yn(s)〉ds−
∫ t

0

〈h, yn(s)〉ds− Ct,

J(t) =
1

2
|y(t)|2 +

∫ t

0

〈(α|y(s)|β−1y(s)), y(s)〉ds−
∫ t

0

〈h, y(s)〉ds− Ct.

Then, Jn, J are two non-increasing continuous functions. Since yn(t) converges to y(t)
for almost every t ∈ (0, T ), we have

Jn(t)→ J(t) for almost every t ∈ [0, T ].

Analogously to the proof of Theorem 2.1, for a fixed t0 > 0, using {tk} with tk → t0, we
can establish the convergence of the norms:

lim
n→∞

|yn(tn)| = |y(t0)|.

12
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Thus, together with the previously established weak convergence, we can conclude that
yn → y in C([0, T ];H).

From T > 0 and yn → y in C([0, T ];H), we deduce that ξn → ϕ in C([0, T ];H),
where ϕ(s) = y(s + T ), for s ∈ [−r, 0]. By repeating this procedure for 2T, 3T , etc.,
and using a diagonal argument (relabelling the subsequence if necessary), we obtain
a continuous function ϕ : (−r, 0] → H and a subsequence such that ξn → ϕ in
C([−r, 0];H) on every interval [−r, 0]. Moreover, for a fixed T > 0, we also have

|ϕ(s)| ≤ ρH ,

for all s ∈ [−r, 0] and T > 0. We now claim that ξn converges to ϕ in L2(−r, 0;H).
Indeed, we need to show that for every ε > 0, there exists nε such that

|ξn(s)− ϕ(s)|2 ≤ ε, (3.6)

for all n ≥ nε. Fix Tε > 0 such that ρ2
H ≤

ε

4
.

From the above step, we obtain ξn → ϕ in C([−r, 0];H), so there exists an nε =
nε(Tε) such that for all n ≥ nε, we have

|ξn(s)− ϕ(s)|2 ≤ ε, for al tn ≥ Tε.

To prove (3.6), we only need to verify that:

|ξn(s)− ϕ(s)|2 ≤ ε, for all n ≥ nε.

Using (3.5) and the choice of Tε, we can verify that for all k ∈ N ∪ {0} and s ∈ [−(Tε +
k + 1),−(Tε + k)], the following inequality holds∫ 0

−r
|ϕ(s)|2ds ≤

∫ 0

−r
|ϕ(s− Tε − k)|2ds ≤ ε

4
.

Thus, it suffices to prove that

|ξn(s)|2 ≤ ε

4
,∀n ≥ nε.

We have

ξn(s) =

{
φn(s+ tn), if s ∈ [−r,−tn],

un(s+ tn), if s ∈ [−tn, 0].

To complete the proof, we need to establish that

max
{∫ 0

−r
|φn(s+ tn)|2ds,

∫ 0

−r
|un(s+ tn)|2ds

}
≤ ε

4
.

13



Le TT

The first term of above inequality can be estimated as follows∫ 0

−r
|φn(s+ tn)|2ds ≤ ε

4
.

And for the second term, we have∫ 0

−r
|un(s+ tn)|2ds ≤ ε

4
.

We obtain the following theorem from lemmas 3.2 and 3.3.

Theorem 3.1. Let the assumptions of Lemma 3.2 hold. Then S(t) has a global attractor
in L2(−r, 0;H)×H .
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