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Abstract. In this paper, we establish a nonexistence result of positive solutions
of the inequality —divg(|Vou[P~2Veu) > u? in RV = RM x RN where
Ve = (Va,|2|*V,) is the Grushin gradient, p,q > 1. Here (z,y) € RV x RN
and a > 0. As a generalization of this result, we also establish a nonexistence result
of positive solutions to the inequality —div¢ (A(\Vgu\)VGu) >l in RY =
RM x RNz where A : R, — R_ satisfies some conditions below. Our results can
be seen as a generalization of that in [Mitidieri E & Pohozaev SI, (2001). A priori
estimates and the absence of solutions of nonlinear partial differential equations
and inequalities. Tr. Mat. Inst. Steklova, 234, 1-384] from the Laplace operator to
the Grushin operator.

Keywords: Liouville-type theorem, quasilinear inequality, Grushin operator,
nonexistence result.

1. Introduction and main results

The nonexistence result is an important issue in the theory of partial differential
equations. In this paper, we first study some nonexistence results for quasilinear elliptic
inequality involving Grushin-type operator

—divg(|VeuP?Veu) > u? in RN = RM x R™M2, (1.1

We split RV = RM x R™, and for each z € RY, we write 2 = (z,y), where x €
RM 4 € R™2, The Grushin gradient is defined as

Vg = (V:p, |x‘avy>7

where a is a non-negative scalar and V., V, are the standard Euclidean gradients in
RNt RMN2, respectively. Then, we have divg = V-, and

Ag =divgo Vg =A, + |1:]2aAy
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is called the Grushin operator. The homogeneous dimension in RY associated to the
Grushin operator is
Q=N+ (a+1)Ns. (1.2)

First, we consider inequality (1.1) in the special case p = 2. If a = 0, then (1.1) is
reduced to
—Au>u?in RV,

The existence and nonexistence of positive solutions of this inequality was established
in [1] (see also [2] for ¢ > 1), where the critical exponent is given by ¢. = % In the
case of Grushin operator, DAmbrosio and Mitidieri [3] established the nonexistence of
positive solutions under the condition 0 < ¢ < % (see also [4] or [S]for1 < ¢ < &),
where () is the homogeneous dimension of R associated to the Grushin operator.

Now, we consider the general case of p > 1. If a = 0, then the optimal nonexistence
result for positive solutions of the inequality

—div (|Vu['*Vu) > u? in RY (1.3)

was shown in [6]. To this case, the nonexistence of positive solutions of (1.3) was
established when

N(p—1)

1) 0<p—1<gqg< N and N > p, or

1) 0<g<p—1,p>1land N > 1.

Our purpose in this paper is to extend this result to the Grushin framework which,
to the best of our knowledge, has not been considered in the literature. Notice that the
Laplace operator can be regared as a special case of the Grushin operator with a = 0.
When a > 0, A is only elliptic when |z| # 0. The Grushin operator A was introduced
in [7], [8] and has received a lot of attention of researchers. It is well-known that the
operator A¢ belongs to a wider class of subelliptic operators which has been studied by
many authors [9]-[19].

To state our results, we introduce a functional class of solutions for (1.1). Leto < 0
be a small enough scalar, p > 1 and ¢ > 0, we define

Wol,jg,loc(RN) = {U : RN — R+7 uq—i—o" ’vGu|pu0—l € L1106<RN)}'
Our first result is presented as in the following theorem.

Theorem 1.1. If either

(i)0<p—1<q§%andQ>p,or

) 0<g<p—1,p>1land @ > 1,
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where () is defined as in (1.2), then the problem (1.1) has no nontrivial non-negative
solutions of class W;’gy’loc(RN )-

Note that, when a = 0, we have () = N and we reobtain the result in [2] from
Theorem 1.1.

The following result is an extension of Theorem 1.1.

Theorem 1.2. Letp > 1 and A : R, — R, be a function satisfying: there exist cy,co > 0
such that
ct? Tt < A(t)t < cot? (1.4)

forallt > 0. If either

(1) p—l<q§%and@>p,0r
) 0<g<p—1land @ > 1,
where () is defined as in (1.2), then the problem

_divg (A(|vgu|)vgu) >u? inRY = RM x RM (1.5)

. . . . l’p N
has no nontrivial non-negative solutions of class W,¢, ,.(R ).

Our approach in this paper is based on the test function method which was used
in [2]. However, by the presence of the Grushin operator, we need to construct suitable
test functions as well as establish nonlinear integral estimates corresponding to the
Grushin operator.

2. Proof of Theorem 1.1

In this paper, letter C' is used to denote a positive generic constant whose value
does not matter, and to show that it depends on the associated parameters, we can add
subscripts to C'.

Proof'in case when (i) holds. We considerthecase 0 < p—1<¢q < % and () > p.

Let p € C°(RY;[0,1)) and o < 0 (¢, o will be chosen later). Without loss of generality,
we can assume that u > 0 on RY (otherwise, we replace u by u. := u + < and let £ | 0).

We will prove an important inequality as follows:
/uq+"godz + / IVaulPu®tpdz < C ‘Zgb—zo‘ibldz. 2.1)
By multiplying with 47 both sides of (1.1) and integrating by parts, we get
/u““godz < a/ \VaulPu”tpdz + / IVaulP~*(Vau, Vap)u’dz

§0/|VGu|puU1<pdz+/|VGu|p1\VGg0|ugdz.
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By utilizing Young inequality with parameter € > 0, we obtain

\VAL
/u“"godz—l— \U!/|Vgu]pu"1<pdz < 5/\Vgu|pu”1godz+C€/u"+plﬂdz.

P!
2.2)
We put 6. = |o| — ¢ to have

\Y
/u‘”"gpdz + 6. / IVqulPu”tpdz < Ce/ w1 ;;4,01| dz. (2.3)
¥
Since 0 < p — 1 < ¢, we can choose o < 0 sufficiently close to 0 such that

q+o

= —> 1.
“ oc+p—1
Applying again Young inequality with parameter & > 0 for the last term of (2.3), we
obtain )
\V4 p po1
/u"+p 1l G(p’ — T dz<e /u‘”(’(pdz +C. /—| ad dz, 2.4)
90 pb1—1
where
1 . I ]
ap b o

By substituting (2.4) into (2.3), we get
Vel

(Ppblfl

(1— z—:/C’a) /uq”gpdz + 95/ IV qu|Pu®tpdz < C.C.

We choose ¢, ¢ sufficiently close to zero such that 6. > 0,1 — ¢'C. > 0, then we have

\V/ pb1
/uq+"g0dz+/|VGu|pu"_1g0dZ§ C/%dz.
(pp 1—

The proof of (2.1) is completed. Now, we will prove the following inequality:

1

p—1, 1 %
[Vapl™ T Vool | "™

By multiplying with ¢ both sides of (1.1) and integrating by parts, we obtain

/quodz < /\Vgu|p2(VGu, Veap)dz < /|VGu|p1]VG<p]dz. (2.6)

Applying Hoder inequality, we have

p—1

P p D
VeulP  Vapldz < [ [ [VaulPue " pdz ya-oe-p I Verl” s "
pr!

2.7
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Substituting (2.7) into (2.6) to find

p—1

= » \»
/uqcpdz < (/|VGu’puo—lgde> (/u(l—a)(l)—l)%dz> .
2

Since 0 < p — 1 < ¢, we can choose o < 0 sufficiently close to 0 such that

qto
(1-0)p—1)

Applying again the Hoder inequality, we obtain

> 1.

a9 =

1 1

ag b by

w1=o)p=1) ‘VG()OP?dZ < u(lfo)(pfl)az(pdz ’ |VG90|p ’ dz ’
SOp—l - gOpr—l

1

i pb2 E
_ ( /qumz) ( MQ |
Sprg—l

where

Together with (2.8), we arrive at

p—1

(2.8)

P % pba %
/quodz < (/\Vgu|pua_1cpdz) </uq+"g0dz> (/%dz> .

Combining this with (2.1), we obtain

1

E+7 1
pb1 p ' pag pba pb2
/quodz < C( Wib—ﬂldz> ( Wfb—f‘ldz> .
et e
The proof of (2.5) is finished.

Next, we choose the funtion ¢. For R > 0, we put

BR = Bl(O, R) X BQ(O, RUJrl),

where B; (0, R), Bo(0, R°*!) are the Euclidean balls in R R™2, respectively. Similarly,

Byr = B1(0,2R) x By(0,2R71H).

Let 1, 02 € C([0,4+00)),0 < 1, pa < 1 satisfy

{1 B 00

0 in [2,400).
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Then, the funtions ¢ g, @2 g are defined by

wLR@ﬂ=:¢1(%g>,¢zR@D==wz<}¥§7),

and, for some constant C' > 0, we obtain

C
Ra—i—l'
For z = (1,y) € RY = RM x R™2, where € RM y € R™2, we define

C
|Vaopi,r| < iz |Vypar| <

¢r(2) = p1,r()02,R(Y)-
Then, pr € CH(RY),0 < v < 1in RY and we have

YR = 1 in BR?
YR = O iIl RN \ BQR,
\Veapr| < % in Bogp \ Bg.

By replacing o with ¢%, where X is chosen sufficiently large such that A — pb; > 0, A —
pby > 0, it follows from (2.5) that

p—1 1

p ' pag i
/ wldz < C / ON PV gpr PP dz / oy P2 | VaprlP2dz
BR BQR\BR B2R\BR

< CR™,
2.9
where ) ] ]
p—
m = —pb <— —) + — pby) —.
(Q p 1) D Day (Q p Q)pbz
Since a; = af;;: and as = u_f{%, we can see that
q+o
by = ——
! qg—p+1
and
q+o
by = )
op+q—p+1
Hence, we obtain
—p) — —1
o 1Q-p)-Qp—1) (2.10)

qg—p+1

Using the factthat 0 < p—1 < ¢ < %, we arrive m < 0. Let R — 400 1n (2.9), we
obtain

/ uildz = 0.
RN
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This contradicts with the assumption that u > 0.

Qp—

Next, we consider the case ¢ = Q_pl). From (2.6), we have

/qupdz < /\Vgu\p_z(VGu, Veap)dz < /\Vgu|p_1]VGg0]dz.

By putting S(Vgp) = supp(Vay), we obtain
/ wlpdz < / IVaulP HVepl|dz. (2.11)
Br S(Vay)

Applying the Holder inequality with p; = p%l, ¢1 = p for the right-hand side, we get

w 1 | Vapl? >
/ ulpdz < (/ |Vgu|pu(’_1cpdz> (/ u1=o)e- )—Adz) .
Br S(Veayp) S(Veay) PP

(2.12)
Now, we can choose o < 0 sufficiently close to zero and ¢ > p — 1 > 0 such that
q
as = > 0.
(I—-0o)(p—1)

Applying again Holder inequality with ag, bs > 1 (i + i = 1) for the last term of (2.12),
we obtain
p—1

1
p pag \V4 pbs3
/ ulpdz < / \VaulPu® tpdz / ulpdz / %dz
Br S(Vay) S(Vay) S(Vae) P77

(2.13)
Combining this with (2.1) and replacing ¢ by ¢7%, with ) is chosen sufficiently large,
we get

p—1

p=1 1
\v4 pb1 P \v4 pb3 pb3
/ uldz < C / —| Gf}i dz / —| Gf}i dz
pb1 pbs
Br S(Veyr) ¥R S(Veyr) ¥Yr

1

pag
X / ulpprdz
S(Vayr)

1

< CRY </ uqdz) w ;
Bar\Br

where ] ]
p_
0= (Q—ph) +(Q—pb3)7-
Dpo3
We deduce from ¢ = %,bl = qﬁtﬁ,% =1-4 = 1—%that9 = 0.
Therefore,

1

/ widz < C’(/ uqdz> ) (2.14)
Br Bar\Br

1
> pb3
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By the assumption g = g and using (2.10), we get m = 0. Hence, from (2.9) we can
deduce fRN uldz < . Let R — 400 in (2.14), we arrive at

/ uldz = 0.
RN

We deduce a contradiction. This completes the proof of item (i).

Proof the case when (ii) holds. Let us consider the case 0 < ¢ < p — 1. From (2.3), by
choosing £ > 0 small enough such that . > 0, we have

\Y
/u‘”"cpdz < C/ rip-1 Vool dz. (2.15)
prt
Leto =q(Q —p) —Q(p—1). Since 0 < g<p—1land Q > 1, we get o < 0. Beside,
we have c<1l—-p< —qand a1 = Uf;”l > 1. Applying the Hoder inequality with

and b; such that —|— 7 = 1 for the right-hand side of (2.15), we obtain

pby 1
/u‘””godz < C(/u‘”"godz) ( —|Z§b§f|1 dz> "

Take ¢ = @7, we arrive at

po1
/u‘”’” dz<C/Md < CRY—Ph1,

ar = +p1

Hence,
/ witdz < CROP, (2.16)
Br

Since () — pb; = Qa—p+D=p(a+9) - () Jet R — 400 in (2.16), we get

q—p+1
uidz = 0.
RN

This contradicts with the assumption that v > 0. The proof of item (ii) is completed.

Next, considering the case ¢ = p — 1. By choosing o =1—-p < 0, we have
q + o = 0. Therefore, from (2.15) and replacing ¢ by % with X is chosen sufficiently
large, we get

\V/ pb1
/ prdz < C %dz

RN QOR .

Hence,
RO < C RQ—pln’
1.e.,
1 < CR™Pr,

Let R — 400 we reach a contradiction. Therefore, we get the conclusion of the theorem.

[]
10
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3. Proof of Theorem 1.2

Proof in case when (i) holds. 1t is similar to the proof of Theorem 1.1, we can assume
that u > 0 on RY. Suppose that o € C°(RY;[0,1)]) and o < 0 which will be chosen
later. Multiplying ©?¢ on both sides of (1.5) and integrating by parts, leads to

/u‘”"gpdz < U/A(|Vgu|)|VGu|2u‘7_lgpdz+/A(|VGu|)(VGu, Veap)u’dz.

Therefore,

/u“"godz—i— \UI/A(\VGuD]VGuPu”lgodz < /A(\Vgu|)|VGuHVGg0|u"dz.

From (1.4), we obtain

/uq+"g0dz+cl|0|/|V(;u]pu”_1g0dz < 02/|VGu|p_1|VGg0|u”dz.

Applying Young inequality with parameter ¢ > 0 for the right-hand side of the above
inequality, we obtain

\Y
/uq+”g0dz+cl|a|/|vgu|pu"1<pdz < 025/|Vgu]pugl<pdz+6205/ w1 chcpj

¥

3.1

We put 6. = ¢1|o| — cee to have

/uq+”gpdz+95/|Vgu|pu"_1godz < CQCE/ 7P 1’Zj(p1| Z. (3.2)

Since 0 < p — 1 < ¢, we can choose ¢ < 0 sufficiently close to 0 such that

q+to
= —F> 1
“ oc+p—1
Applying again the Young inequality with parameter £ > 0 for the last term of (3.2), we
obtain ,
\V4 p po1
/u"+p 1l G(p’ — T dz<e /uq+”<pdz+C’ /%dz, (3.3)
pr- Pt
where
1 + I ]
by

By substituting (3.3) into (3.2), we obtam

pb1
(1 — e CY) /u“"gpdz + 6. /|VGu]pu" Yodz < e,C.C /%dz, (3.4)

11
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By choosing ¢, ¢’ sufficiently close to zero such that 6, > 0,1 — c,e’'C. > 0, we have

pb1
/uq+0g0dz+/|v(;u|pu”_1g0dz < C’/Mdz. (3.5)

(pplnfl

Multiplying ¢ on both sides of (1.5) and integrating by parts, leads to

/qupdz < /A(]VGUD\VGuHVGgp]dz < 02/\Vgu]p_1]VGgoldz.

By applying Hoder inequality, we have

p—1

= p \ 7
/quodz < CQ</|VGu|pu”_1gpdz> (/u(l_")(p_l)lzg;—(pl‘dz> : (3.6)

Since 0 < p — 1 < ¢, we can choose o < 0 sufficiently close to 0 such that
q+o
(1—o)(p—1)

Applying again the Hoder inequality, we obtain

> 1.

a9 =

1

1
ag b by
/u(l")(pl)‘v(;(pl‘pdz < /u(lo)(pl)az(pdz Vol " 0
Spp— @sz—l

1

s 5
— (/uquUstz) ( —NGgO’pr dz)
Sprg—l ’

where

Substituting into (3.6), we arrive at

p—1 1 1

E pag pba pbo
/quodz < 02</|Vgu|pu”_1g0dz> (/uq+”g0dz> ( ngb—(ﬂldz) .
P

Combining this with (3.5), we obtain

3
4
[

p—1

p—1 1 1
qupdz < C Mdz ’ Mdz " Mdz "
- gppblfl Sppblfl gppbzfl

Vael N7 ([ Wagl® )
gpp 1— ¢pb2—1

The rest of the proof is similar to that of Theorem 1.1 and so will be omitted. [

(3.7
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