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Abstract. The article presents a model and derives analytical expressions for
Helmholtz free energy, the nearest neighbor distance, isothermal compressibility,
the thermal expansion coefficient, the heat capacities at constant volume and
constant pressure as functions of temperature, concentration of interstitial atoms,
and film’s thickness for an interstitial binary alloy with a BCC structure based on
the statistical moment method (SMM). The theoretical results are applied to
numerical calculations for films of W and WSi. The temperature and interstitial
atom concentration dependences of thermodynamic quantities for the alloy WSi’s
film are similar to those for the metal W film. When the film thickness increases to
about 40 nm, the thermodynamic properties of the film approach those of the bulk
material. The SMM numerical results for W agree well with experimental data and
other calculation results. Other SMM numerical results are new and predict future
experimental results.
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1. Introduction

Research on thin film materials has developed strongly in recent years because thin
films have interesting properties different from bulk materials such as durability,
lightness, abrasion resistance, and high pressure resistance. They are widely used in
many fields of science and technology and are tools in the military, medical, electronic
equipment, etc, [1]-[5]. The properties of thin films depend on many factors such as
system structure, size, temperature, pressure, and interstitial particle concentration [6]-[9].
The thermal expansion coefficient of a thin film mounted on a substrate depends on
temperature [10], [11]. The thermal expansion coefficient of the interstitial alloy’s thin
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film depends on film thickness. For an FCC interstitial alloy’s thin film, the thermal
expansion coefficient increases with thickness, and for a BCC interstitial alloy’s thin
film, the thermal expansion coefficient decreases with increasing thickness [12].

Some mechanical and thermodynamic properties of interstitial alloy thin films have
been studied in [13]. Thermodynamic properties of the interstitial alloy and metal thin
films with the FCC structure have been studied using the statistical model method
(SMM) in order to take into account the anharmonic contribution of lattice vibrations [14].
Thermodynamic quantities of thin films depend on temperature, pressure, interstitial
particle concentration, and film thickness. Most studies on the dependence of
thermodynamic quantities of interstitial alloy thin films on structure, size, and
temperature have not been studied in detail. Moreover, the studies are mainly in the low
temperature range and at zero pressure. SMM has been applied to study the
thermodynamic, elastic, and diffusion properties of metals and alloys [15]-[21], and
thermodynamic and elastic properties of thin films of metal thin films [22]-[25].
However, an SMM study on the thermodynamic properties of BCC interstitial alloy
thin films still is an open problem

In this work, for the first time, we give the thermodynamic theory depending on
temperature, interstitial atom concentration, and film thickness for the BCC interstitial
binary alloy’s film based on SMM. The theoretical results are applied to numerical
calculations for films of W and WSi.

2. Content

Assume a free thin film of BCC interstitial alloy AB has n* layers with the
thickness d. This film consists of two outer layers with the number of atoms Nn, two
neighboring outer layers with the number of atoms Ns,, and n*- 4 inner layers with the
number of atoms Nt.

The cohesive energy, u, and the crystal parameters, k, », y,, » for interstitial

atoms B at the face center of the cubic unit cell in the approximation of two
coordination spheres, for atoms A termed A; at the body center of the cubic unit cell,
and for atoms A termed A at the vertices of the cubic unit cell (in the approximation of
three coordination spheres for the inner layers t, the next outer layers sn (where there is
a particle vacancy on the z axis in the second coordination sphere), and the outer layers n
(remove an atom on the 2nd coordination sphere when calculating the cohesive energy
and crystal parameters of atom B and remove an atom on the 3rd coordination sphere
when calculating the cohesive energy and crystal parameters of atoms A1 and A) of
BCC interstitial alloy AB’s thin film respectively have the form [14], [21]
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where ¢™ is the interaction potential between two atoms belonging to the layer m (m is
inner, next outer and outer), % =1, +y%(T) is the nearest neighbor distance between

the atom X and another atom belonging to the layer m at temperature T, r" is the

01X
nearest neighbor distance between the atom X and another atom belonging to the layer
m at zero temperature and is determined from the minimum condition of the cohesive
energy ujl, yr(r) is the displacement of the X belonging to the layer m from the

equilibrium position at temperature T, n. the number of atoms on the ith coordination
sphere, u!,, k., 71., 754 are corresponding quantities of the layer m in the BCC pure
metal in the approximation of two coordination spheres. For all atoms and layers,
y=4(n+7,): (49)
The nearest neighbor distance r,, (P,0) between two atoms X at pressure P and zero
temperature in all three layers satisfies the following equation of state [14], [21]

PV - _p Eauox _’_ha)oX oKy . (50)
* Yleor, 4k, or,

3
where VX:43X— for the BCC lattice, ¢=k, Tk, is the Boltzmann constant,
33

X _hox _ /k_x,mx is the mass of the atom X, and hzl, h is the Planck
mX

X" 20 20 27

constant. We can use Eq. (50) to determine r, (P,0), the crystal parameters
k, (P,0), 7 (P,0), 7,, (P.0), 7, (P,0) and the displacement y, (P,T). For the layer (((is
inner or next outer) and the outer layer [14], [21],

; 2vL (P,0)9% 6 Lo ,

yx (P.T) = %Ax' (PT) AL (PT)=aj + > 77 = | aix., (51)
3 kx) i-2 (kx)
yy(P.T)=- 79 Yo, Yg =x§ cothxy, (52)

n 2
(k%)
where a, (i =1+ 6) have the form as in [14], [21].

The nearest neighbor distances and the mean nearest neighbor distance in the layer m
are equal to [14], [21]
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he (P.T) = 1 (P,0) + y (P.T),Ri(P.T) = ri(P,0) + yi (P.T),
ia (P.T) =1 (P.T), i (P.T) =1} (P,0)+yc (P,T). (53)
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m

where ¢} =1-7cg,c) =2c5,cy = 4cg,cy =% is the concentration of the atom X in

layer m, N1 is the number of the atom X in layer m, and N™ is the number of atoms in

the layer m.
The Helmholtz free energy for the layer ¢ and the outer layer of the alloy film is
given by [14], [21]
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where y = N™ is the number of atoms of layer m, u", is the cohesive energy of

the atom X belonging to layer m, 7 is the Helmholtz free energy of atom X belonging to
the layer mand s™ is the configurational entropy of the alloy in the layer m.
The Helmholtz free energy of the film per atom is given by

Ez(l—i*)wt+£*vf”+%v/”—m°, (57)
N n n n N

where ™" is the Helmholtz free energies per atom of the layer m, N=N'+N* +N" is
the the total number of atoms of the film, N™ is the number of atoms of the layer m, S is

the configurational entropy of the film and p* =ﬂL, N" is the number of atoms per
N

layer or
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where d is the film thickness, a is the mean nearest neighbor distance between two
atoms, b is the mean thickness of two corresponding film layers, and a™ is the mean
nearest neighbor distance in layer m.

The isothermal compressibility and elastic modulus, the thermal expansion
coefficient, the heat capacity at constant volume, and the heat capacity at constant
pressure of the film respectively have the form
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C.,=C, +9TVa’B,. (62)

At cg = 0, thermodynamic quantities of alloy AB’s film are equivalent to those of
the main metal A’s film. At a sufficiently large thickness of the thin film,
thermodynamic quantities of the alloy AB’s film converge to those of the bulk alloy AB.

We apply the above theory to WSi using the Mie-Lennard-Jones potential and the
following approximation

(P(ﬂz%{m[%’jﬂ _n(r?H (63)

DPwsi = %((Dw-w +(pSi-Si)- (64)
Here, D is the depth of the potential well corresponding to the minimum distance ro, m
and n are numbers determined empirically through experimental fitting. The potential
parameters are given in Table 1. The Mie-Lennard-Jones n-m potential is a pairwise
interaction potential. In our SMM calculation results, this approach can be effectively
applied to metals, substitution alloys, and interstitial alloys, where many-particle
interactions contribute insignificantly.

Table 1. The Mie-Lennard-Jones potential parameters
for interactions W-W and Si-Si [26]

Interaction m n D (10%6 erg) ro (101°m)
W-W 6.5 10.5 15564.744 2.7365
Si-Si 6.0 12.0 45128.34 2.295

Our SMM numerical results for thermodynamic quantities of film WSi are
illustrated in figures from Figure 1 to Figure 10.

Figure 1 and Figure 2 show the dependencies of the mean nearest neighbor distance
(&) on thickness (d), interstitial atom concentration (csi), and temperature (T) for films
W and WSi. For film Wsi, at the same d and csi aincreases linearly with T. For
example for film W at - = 10 when T increases from 200 to 2000 K, & increases from
2.6643x10°% m to  2.7045x 1071 m. For film Wsi, at the same d and T when csi
increases, a also increases. For example, for film WSi at y = 10 and T = 300 K when
Csi increases from 1% to 5%, & increases from 2.6744 x10°m to 2.707x 10" m. For
film Wsi, at the same T and csi when n* increases, a increases slightly. For example,
for film Wsi, at T = 300 K and csi = 5 % when r increases from 10 to 200 layers, a

increases from 2.707 x10°m to 2.7132x 109 m.

Figure 3 shows the dependencies of the mean nearest neighbor distance a on film

thickness and interstitial atom concentration for film WSi at T = 300 K. a increases
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with thickness and rises sharply at d < 20 nm. When d reaches approximately 40 nm, &
of the film approaches a of the bulk material.

T T T T T T T T T T T
- *f_ 276 MW Cg=0% i
: d * cg=1% o
*‘i‘ 274+ o Cg = 3% vvvvvv |
T 270 ,;\\f«.aﬁl . v g =5% A 4099
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" * = 200 2661 1
267 1 1 1 1 1 1 1 1 L L L
200 400 600 800 1000 1200 1400 1600 1800 2000 500 1000 1500 2000
T (K) T(K)

Figure 1. a (T,n’) for film W

calculated by SMM

Figure 2. a (T,n) for film WSi
with n* = 10 calculated by SMM

2.72 T T T T T T T

2.71

2.70 - i

2.69
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e
x

e e
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'¥ —¥—C5=0% —9@—C5;=3% |
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30 40 50 60 70
d (10°m)

Figure 3. a (d, csi) for film WSi at T = 300 K calculated by SMM

2.67

266 L——L
0 10 20

Figure 4 and Figure 5 show the thickness, interstitial atom concentration, and
temperature dependences of the thermal expansion coefficient « of films W and WSi.
For film Wsi, at the same d and csi, « increases nonlinearly as T increases. For example,
for film WSi at + =10 and csi =5 % when T increases from 200 to 2000 K, « increases
from 0.6305x10° K™ to 0.8068 x107° K. For film Wsi, at the same d and T when cs;
increases, « increases. For example, for film WSi at n* =10 and T = 2000 K when cs;
increases from zero to 5%, « increases from 2.7045 x 10° K™ to 2.7502x 10° K. For film
Wsi, at the same T and csi when " increases, « decreases. For example film.
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Figure 4. a(T,n") for film W

WSi at T = 2000 K and csi = 5 % when n* increases from 10 to 200 layers, «
decreases from 2.7502x10° K to 2.7462x10° K. These results are in good
agreement with available results [12], [27]

Figure 6 shows the film thickness and interstitial atom concentration dependences
of the thermal expansion coefficient « for film WSi at T = 300 K. « decreases as d

calculated by SMM
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Figure 6. a(d, csi) for film WSi at T = 300 K calculated by SMM

increases. That is also consistent with the rule of metal film.
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Figure 7 and Figure 8 show interstitial atom concentration and temperature
dependences of heat capacities at constant volume and constant pressure Cy, Cp of films
W and WSi with n* =10. For film Wsi, at the same thickness d and csi when T increases,
Cvand Cp increase nonlinearly. For example, for film WSi at n* = 10 and csi = 5% when T
increases from 200 to 2000 K, Cv and Cp increase from 5.1716 cal/mol.K to 6.0013
cal/mol.K and from 5.2317 cal/mol.K to 6.7792 cal/mol.K. For film WSi at the same d
and T when cs;j increases, Cv decreases and Cp increases. For example for film WSi at
n" =10 and T = 2000 K when cs;j increases from zero to 5 %, Cv and Cp decrease slightly
from 6.0089 cal/mol.K to 6.0013 cal/mol.K and increase from 6.5031 cal/mol.K to
6.7792 cal/mol.K. When T increases, the Cv of the film increases sharply in the low
temperature region and decreases slightly in the high temperature region, whereas Cp
increases sharply in the high temperature region. This is explained by the fact that the
contribution of the anharmonic effect increases as T increases. On the other hand, it
shows that Cy decreases as Csi increases, while Cp increases as cs;i increases. The
temperature and concentration dependencies of Cv and Cp have the same rules for bulk
metals and metal films [21].

To confirm the reliability of our SMM calculation results, we present the currently
available data on bulk W. The temperature dependence of mean nearest neighbor
distance and some thermodynamic quantities for bulk W at zero pressure from available
data sources is shown in Table 2.

Table 2. Temperature dependence of mean nearest neighbor distance and some
thermodynamic quantities for bulk W at zero pressure from available data sources

T(K) 200 500 800 1500 2000
(o 2.6482 2.6537 2.6572 2.6680 2.6758
a| A |[28]
z. (10'“pa) [28] 1.824 1.698 1.756 1.990 2.2143
a(lOrsKrl)[Zg], 0.41 0.46 0.48 0.56 0.64
[30] 0.560 0.571 0.578 0.602 0.621
C, (calimol.k)[28] 5.15 581 5.89 5.93 5.94
Cs (calimol.K)[29], - 6.09 6.34 6.91 7.33
[30] 5.253 6.101 6.357 6.777 7.021

Figure 9 and Figure 10 show interstitial atom concentration and film thickness
dependences of Cy and Cp of films W and WSi at T = 300 K. When d < 20 nm, the Cv
and Cp of the film decrease quite sharply. When d increases to about 40 nm, the Cy and
Cp of the film approach the values of bulk materials [21], [27]. Conversely, Cyv and Cp
decrease as Csi increases. This behavior of the heat capacities, both at constant volume
and constant pressure, in relation to the thickness and concentration of interstitial atoms
can be explained as follows: As the thickness increases (and consequently the number
of layers), the mean nearest neighbor increases initially increases rapidly within the
thickness range from 0 to 10 nm and then gradually slows, eventually approaching the
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value typical of the bulk material at around 40 nm thickness. Therefore, both Cy and Cp
decrease sharply within the 0 to 10 nm thickness and then decrease more gradually,
approaching the values of the bulk material at about 40 nm thickness. Similarly, as the
concentration of interstitial atoms increases, leading to an increase in the mean nearest
neighbor also increases. Cvand Cp consequently decrease, in agreement with the values
of the bulk material at about 40 nm thickness.
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at T = 300 K calculated by SMM WSi at T = 300 K calculated by SMM

3. Conclusions

The article introduces a model and a novel thermodynamic theory that includes
analytical expressions for Helmholtz free energy, crystal parameters for the film’s
layers, the mean nearest neighbor distance, and various thermodynamic quantities as
functions of temperature, concentration of interstitial atoms, and film thickness for BCC
interstitial binary alloy’s film, based on the SMM framework. Notably, the crystal
parameters for the outer layer and the next outer layer are newly developed
contributions. The theoretical framework is employed in numerical calculations for W
and WSi alloy utilizing the Mie-Lennard-Jones potential and the coordination sphere
method. The SMM numerical results for films W and WSi are compared with those for
bulk W and WSi. The SMM numerical results for film WSi are compared with those for
film W. The SMM numerical results for the thermal expansion coefficient and the heat
capacity at constant pressure of bulk W are in good agreement with experimental data.
It is observed that the mean nearest neighbor distance increases with temperature,
interstitial atom concentration, and the number of layers. Likewise, the thermal
expansion coefficient increases with temperature, and interstitial atom concentration and
decreases with an increasing number of layers. Similarly, the heat capacity at constant
pressure increases with temperature, and interstitial atom concentration and decreases
with film thickness. We recommend experimental investigations into the dependencies
of the thermodynamic quantities on film thickness and interstitial atom concentration
for metal (W) and interstitial alloy (WSi), as delineated by our SMM analyses. In a
subsequent article, we plan to explore the pressure dependence of thermodynamic
quantities for W and Wsi films using the SMM.
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