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Abstract. In this paper, we consider an inverse problem with a time-dependent
coefficient. This problem is ill-posed. To regularize this problem, we use the
integral truncation method combined with the quasi-boundary value method. We
construct approximate solutions and consider the stability of such a solution.
Moreover, we evaluate the errors between regularized solutions and exact solutions.
A numerical method is given to illustrate the theoretically obtained results.
Keywords: heat inverse problem, regularization, truncation method,
quasi-boundary value method.

1. Introduction

We consider the problem of finding the temperature distribution u satisfying

{ u+ A(t)u =0,t € (0,7 (1.1)

u(T)=g

where A(t) is a linear operator given in an appropriate function space. This problem has a
strong background in physics and engineering and has been researched by many scientists.
As we know, this problem is severely ill-posed, i.e., the solution does not always exist and
when it exists, it does not depend on the data continuously. A small error in the data
can cause a large error in the solution. So, a regularization method for this problem is
necessary. It has been considered by many authors using different methods in previous

papers (see [1]-[6]).
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For example, in [1], Lattes - Lions and in [2], Clark - Oppenheimer used the
quasi-reversibility method to regularize problem (1.1) by changing the main equation
as follows:

{ u+ Au—eA*Au =0, te€][0,T] (12)
W)=y

Another method is the quasi-boundary value method, in which the authors adjust
the boundary conditions. For instance, in [3], [4], Denche - Bessila considered the
boundary conditions: u(7) + eu(0) = g or u(T) — v/ (0) = g. In [5], [6], Quan et
al. proposed a modified quasi-boundary value method for problem (1.1).

Besides that, a regularization method for problem (1.1) which is often used by
many mathematicians for the inverse problem for heat equation is the integral truncation
method. Using this method, they cut - off the high frequency term in the solution to get
the approximate solution.

Motivated by these reasons, in this present paper, we consider problem (1.1) with

A(t)u = —ﬁ [Uge + 1y,] in the two - dimensional case as follows:

Finding the temperature distribution u(x, y,t) satisfying

{ uww(xayat) + uyy<x7yvt> - (t)ut(xvyat)a (I’,y,t) € RZ X [OaT] (13)

a
u(z,y,T) =g(z.y), (z,y)€R?
where
* g € L*(R?) is given.
* a € C|0,T] such that there exist M, N > 0: M < ﬁ < N, Vte[0,T].
To regularize problem (1.3), we used a new method, which is the association of
the integral truncation method and the quasi - boundary value method. With different

conditions on the exact solution, we will get the error estimates of Holder type or
logarithmic type between the regularized solution and the exact solution.

2. Auxiliary results

Lemma 2.1. (see [5]) Let 0 < ¢ < M and g(k) = we have

1
—
M M
YOS S () < ()

Lemma 2.2. (see [5]) Let 0 <t <s< M,0<e < M,{,w € Rand M; = max{1, M},
we have

vk > 0.

(Sft—]w)<52+w2) e
5(€Z+w2)+e_]”(52+w2) < M [eln ()] 7,

)
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(2402 .
. () = < M, [5111(%)} J‘y.

@y re M)

Lemma 2.3. (see [6]) Letn € R,0 < a < b,b # 0, we have

na

e a
< yTE Wy >0
14 yet =7 077

3. The solution and the ill-posedness of problem (1.1)

In the following sections, we denote ||.||, the L? (R?)-norm. Using the Fourier
transform, we get the exact solution of problem (1.1) as follows:

+00
u(z,y,t / / (S F=FW) 5 (¢ )&+ dedquy, (3.1)

+o0 +oo
& w / / g(z, y)e TV dady,
T o

F(t) = /0 t ﬁds.

Next, we prove the ill-posedness of problem (1.3).

where

and

Choosing the exact data g = 0, we have the exact solution u., = 0.
0, min{{, w} <mn,

min{{,w} > n, (n€N).

Let us choose the measured data g,, = { n
Using Plancherel’s theorem, we get the error of the data

9 . 12 +00 +00 n? 4
lgn — 9l = llgn — g5 = /n /n Wdﬁdw =5~ 0asn— +oo.

This implies that g,, — g as n — 4-o00.

We have the Fourier transform of the exact solution of problem (1.3) corresponding
to the measured g,, as follows:

. 0, min{¢,w} <mn,
Uy (gn) (&, w,t) = ne(§2+w2)(F(T)fF(t)) . (n € N).
L , min{&, w} > n,
We get
+oo  ptoo £2+w (F( V—F(t))
i (00) (o) =)0 = [ [ e
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Using F(T)—F(t) = ftT ﬁds > M(T—t), Vt € [0, T] and Plancherel’s theorem,
we obtain

+oo  pdoo 2, 2(n2+4n?) M(T—t)
i (00) (o) = vesl) 3 > [ [ e
4n2M T—t)
= ——— — 400,
In

as n — +oco.

Thus, the solution of problem (1.3) is unstable. It leads to the ill-posedness of
problem (1.3). So, the regularization is in order. In the next sections, we will give two
regularization methods for this problem.

4. Main results

4.1. Integral truncation method associated with the quasi-boundary value
method

We construct the first regularized solution for problem (1.3) as follows:

—(&2+w?)F(1)
(x,y,t / ) (§ w)eET ) dede, 4.1)
7 27T —ce J—ce B +e — (W) F

where = (), c. = c(g) such that lim._,q+ 5(e) = 0 and lim._,¢+ ¢(g) = +oc.
4.1.1. Stability of the first regularized solution

Lemma 4.1. Let 8 € (0, F(T)), 91,92 € L? (R?) and v. (g1) , v (g2) are two solutions
given by (4.1) corresponding to the final data gy, go, respectively. Then we get

M(t—T)

[ve (91) (50 8) = 0= (92) (s D)l < 8737 [lgr = g2l

Proof. From (4.1), we have the regularized solutions corresponding to the final data g1, g»

—(£2+4w? )F(t)
w00 @)= 5 [ [ S (€ ) e
and
—(£2+4w? )F(t)
vlo) @t =5 [ [ (e e,
We get
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i (91) (oo t) — 92 (92) (o 0)]12 = / ) / e (92) () — 2 (92) (1) 2

[ [ ] |

It follows from Lemma 2.3 and Mt < F(t fo ds < Nt that

—(24w?)F(t)

B+ e—(€+w?) F(T)( 91§, w) — §2(&,w))| dédw

19 (1) (o s t) — 62 (g2) (-, B2 < BN / 8 / (31(6.w) — ol w)) P déduw
2Mt T +oo +Oo
()/ /’ 316, w) — Ga(€, w)) 2 dédw

2M(t—T)

<BTAT ||gr— Geoll5-

Applying Plancherel’s theorem, we have

M(t—T)
v (91) (1) == (92) (D)l < B3 g1 — g2, -
This completes the proof of Lemma 4.1. [

4.1.2. Error estimation between the exact solution and the first regularized solution

Theorem 4.1. Let uc,(.,.,t) € L*(R)Vt € [0,T), ¢ € (0;4/F(T)),9:,gex €
L* (R?) such that ||g: — gex|l, < € and v, (g.) is the regularized solution given by (4.1)
corresponding to the measured data. Assume that

/ (14 € + w?) fen (€, w,8)|* dédw < H,VE € [0,T].
R2

Then we have

v (g2) (o5 1) = Uew (e -, D)y < B()(efwé?%wﬁ),we[o,ﬂ.

Proof. Using the triangle inequality, we get

Hﬁs (gs) (':'7t) _aea:('>'7t)H2 4.2)
< ||{)6 (ge) ('7 '7t) - f)a (gew) ('7 '7t)||2 + ||f)€ (gex> (-’ '7t) - aex('? '7t)||2 :

From Lemma 4.1, we get

1 (ge) (- t) = Ve (Gea) (oo t)llg = NV (9e) (- 1) = Ve (Ger) (- E) |5
< BN (|9 = Gealls (4.3)

M(t—T)
< [BTNT e,
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On the other hand, we have

02 (Gex) () — e D2 = // - (gen) (6 0.1) — (€, 0, 1)[? s

«f / en(E0, )
R2\[ Ce, Cs]
First, we evaluate the former term
//[‘ }2 ’@8 (geaz) (f,w,t) _aex(é,w,t)‘zdfdw
€4L€ 1 2
N //[—CE o2 | Be@HAFD) 1“6‘”(5’ W, 1) = lea(§ w, 1) | dEdw
_66(£2+w2)F(T) ) 2
N //[—CE,CEP Be@ ) FT) | 1“6‘”(57W=t> d€dw
2
— /[ . —Be(§2+w2)F(T)‘ }(1 +£2 _'_w2) ﬁex(ﬁ,w,t)‘ngdw
< JREtENT // |(1+ €2+ w?) fien (€, w, 1)| dédw
R2
< H52€4c§NT‘
Next, we evaluate the latter term
. 2
// i (€, t)‘zdé_dw:/ (L& + ) (& )
R2\[—ce ce]” o R2\[—ce ce]? (1+ €2+ w?)?
H
< — 1 —-

8

From (4.2), (4.3), (4.4), (4.5) and (4.6), we have

VH

102 (92) (s 8) = a1 < 57972+ VHBSNT 4 S5

2NT
Choosing 3 = e NT+2M(T-1) ¢, = 4NT In (B) we get

T 1
162 92) (1) = e 1), < BUE) ( e (1)) 7
n =

£

207
where B(t) = max {1 +VH, \/H[MNT;F\[?M (T—1)] }

Applying Plancherel’s theorem, we obtain

(4.4)

4.5)

(4.6)
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102 (92) (1) = ey s D)5 < B(E) <M<> + ﬁ) -

€

This completes the proof of Theorem 4.1. [

Remark 4.1. In Theorem 4.1, the error estimation is of logarithmic type. This is because
that the imposed condition on the exact solution is not strong enough. In the next theorem,
we consider a stronger condition on the exact solution to get a better error estimate.

M

[0,T), gey gex € L* (R?) such that ||g- — gez|l, < € and v (g.) is the regularized solution
given by (4.1) corresponding to the measured data. Suppose that

/.
Then we have

ve (92) oy s 8) — ttea(es )]y < (1 i 2\/K1) eMIT-EN | V€ [0, T,

Proof. 1t follows from (4.5) that

Theorem 4.2. Let T > . € (0,(F(T))ﬁ>,uw(.,.,t) e L*R)Vt €

2
e§2+‘“2a5x(£,w,t)‘ dedw < Ky, Wt € [0, 7).

//[_ I? [ 02 (9ex) (6w, 1) = e (&, w, 1)|” dE

1 " X 2
N //[65705}2 Bel@+w?)F(T) 4 1uex(§,w, t) — Gep(§w,t)| dédw
_56(£2+w2)F(T) )
B / /[ o | Be@remry g e (6 ) bl
24,2 2
_56(5 +w?)F(T) - ,
B // ]2 652+w2 ‘ef - Uem(ﬁ,w, t)’ df’dw
2
< 626403(NT—1) // e§2+w2ﬁez(§7w7t)‘ dédw
R2

< K162 4c§(NT71). .

On the other hand, we have

2

~ 2d d ‘e£2+w2ﬁex(€,w,t) d d - Kl
//]RQ\[cg,cE]2 |u61’(§7w7t)| 5 Y= /R2\[cg,c5]2 e2(62+w?) 5 — eldez”
(4.8)
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From (4.2), (4.3), (4.4), (4.7) and (4.8), it results in

. \/K
||@s (gs) (.,.,t) _aex(.,.,t)nz ﬁkg\fT e+ VK B€2CE(NT 1) '

626?

. MNT
Choosing [ = e M*(T-D+N ¢, = 2NT In ( ) we get
M M M
||2AJ€ (98) (‘7 7t) - ﬂeac(w 7t)||2 S 5M2(T_t)+N + V K15N12(T—t)+N + V KlgMz(T_tH—N-

Applying Plancherel’s theorem, we obtain

||U5 <g€> ('7'7t) _ueﬂc(' H2 <1+2\/ ) 6MQ(T i)+N

This completes the proof of Theorem 4.2. O]

Remark 4.2.  [. In Theorem 4.2, the error estimate is of Holder type. This estimate is
sharp and better than that formulated in Theorem 4.1. However, a more restrictive

condition on the exact solution is imposed in comparison to the one derived in
Theorem 4.1.

2. If €19 (€, w) € L2 (R?) then the derived condition on the exact solution will be
satisfied. So, this condition is acceptable.

In the next section, we will give another regularization method for the problem (III).

4.2. Integral truncation method associated with the modified
quasi-boundary value method

We construct the second regularized solution for problem (III)

e —(24w?)F(t) y
rtw
)= / / o (&2 + w2 ) + e~ (E+w)F(T) 9(§ w)e' Vdédw, (4.9)

where o = a(€), m. = m(e) such that lim._,o+ a(g) = 0 and lim._,o+ m(g) = +o0.
4.2.1. Stability of the second regularized solution

Lemma 4.2. Let ¢ € (0,F(T)), 91,92 € L? (R?) and w. (1) , w. (g2) are two solutions
given by (3.9) corresponding to the final data g1, gs, respectively. Then we get

ngmﬂw¢yw%@ggwwmg{am(¥g>yﬁpHm—gﬂT

Proof. From (4.9), we have the regularized solutions corresponding to the data g, go

—(e2+w?)F(t)
we (1) (5. 1) / / 31(6. ) ddu,

@+w2+e@%ww

21
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and

me £2+w )F() .

We have

| (1) e (g2) (- 8)l5
+oo +oo 5
/ / (1) (o) = 0 (92) (8 s

£2+w) ) ) A 2
a(&+ w2) + e~ (E+w)F(T) (1(&, w) — G2(&,w))| dédw

L.

By using Lemma 2.2, we have

[ (g1) (1) = e (92) (., -

Il
T F(t F(T)
< aln( ) / / (61(6,w) — Gal€, ) dédw
F(t)—F(T)
F(T)\] Fm — [fee [t )
< aln( ) / / (61(6,0) — ol6,w))dd
F‘(t) F(T)
F T
< aln - 191 — Gll -

Applying Plancherel’s theorem, we obtain

- (9) ) = 02 a0) (0l < ot (222 T

From Mt < F(t fot als ds < Nt, we get

N(t—T)

(9 o) = 02 a0) (0l < ot (S5) ] o= sl

This completes the proof of Lemma 4.2.
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4.2.2. Error estimation between the exact solution and the second regularized
solution

Theorem 4.3. Let T > -, € (0, /F(T)), tex(., ., t) € L* (R*)Vt € [0,T), g, gew €
L% (R?) such that ||ge — gez||, < € and w, (g.) is the regularized solution corresponding

to the measured data given by (4.9). Assume that

// |(1+& +w?) aex(f,w,t)fdgdw < H,Vte[0,T].
R2

Then we have

st (ge) ('7 '>t> - ue:}c(~7 -;t)H2

___MT 1 i __mMT 1 1\
< L(t) eMTT2N(T—t) | In | = 4+ eMtTe2NT-H In (= |+ (In( = ,
9 9 9

vt € [0,77.

Proof. Using Plancherel’s theorem and triangle inequality, we obtain

||w8 (ga) ('7 ) t) - uex('v = t)||2
- ||ﬁ15 (gs) (‘7 '7t) - aefﬂ('ﬂ '7t)||2
< st (ge) ('> . t) — W, (gez) (-> -at)Hz + ”ws (ge:r) (-7 ° t) - ﬁez('u '7t)”2 . (4.10)

From Lemma 4.2, we get

||1215 (ga) ('7 '7t) - we (gex) ('7 '7t)||2 = ||w£ (gs) (" '>t) — We (gex) ('7 ) t)||2

N(@t-=T

T D
<a In (_)) g — 9696”2
(0%
MT MT
<a In (—)) £. 4.11)
a

e ge) ) = e DG = [ e () 60,8 — a0, e

+ // |lhee (&, w, 1) |* dEdw. (4.12)
R2\[—m5,mg]2

First, we estimate the first integral

IN

IN

Moreover, we have
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//[ e |1z (Geg) (€, w, 1) — Tien (€, w, )| dEdw
_ 1 A o t
N mema? | (62 + w?) el@+e)FT) 1u€“(€’w’ ) = liex (€, w0, 1)

o (@)D :
- //[—mg me)? | (€2 + w?) e(@+w?)F(T) 4 1u61(€’ w, 1)

<]
[—ms,mef

< da’mle N / N8+ ) (€ 0.1) |* dédu

2

d¢dw

d¢dw

—a (€ +u?) e(§2+w2)F(T)‘2 ‘(1 + &4 w?) aem(€7w7t)|2 dédw

< 4Ho?mie?mNT. (4.13)

On the other hand, we have the second integral

/ / e (€, w0, )| dédu
R2\[—m5,d5]2

1+ 4w 7 H
oy 048+ it o H
R2\[—m5,m5]2 (1 + 52 + w2) 4m€

From (4.10), (4.11), (4.12), (4.13) and (4.14), we obtain

M\ NGii
MT
[ () (-, 1) = Giew (-, )|, < {aln (T)} e+ 2VHam?e™NT 4 5

(4.14)

2MT

: TTNT=E 1 1
— MTH2N(T—t — _ =
Choosing o = ¢ T=5 m, sNT I (a), we get

Hwa (ga) ('v '7t) - aex(-a at)||2

N(t—T) N(t-T)

2MT MT MT 1 MT
< eMT+2N(T-t) |In | —
< (o) ()]

2MVH __wmT (1)+\/F(NMT+2N2(T—75))'

MT+2N(T—-1) |
T NMT oM T — 1) ! 2Mn (1)

9

It leads to an error estimate

st (98) ('7 ) t) - uel’(" ) t)HQ
N(t=T)

MT 1 MT MT 1 1 !
< L(t) eMTH2N(T—-%) [ In [ = 4+ eMt2NT-O In [ - |+ [In|( - ,
9 9 9
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N(t=T)
_ 2MT MT 2MVH VH(NMT+2N?(T—t))
where L(t) = max { (MT+2N(T—t)> ' NMT+2N2(T—t)° 20 }
This completes the proof of Theorem 4.3. O

In the next section, to prove the effectiveness of our theoretical method, we give a
numerical example.

5. Numerical example

We consider the problem of finding u(z, y, t) that satisfies

Ugo (T, . 1) + gy (2, y, 1) = a(t)u(z,y, 1), (z,y,t) €R*x[0,1],  (5.1)
and
w(@,y,1) = geal,y), (z,y) € R?, (5.2)
where
(t) =
a(t) = ——
4t + 3’
and
1 a2 +y?
gex(xay) = Ee_ 32
The exact solution of (5.1) — (5.2) is
1 x24y2
ex\<4 7t - e
vealt:9:8) = S 3 1 g)
From (5.2), we have
fea (6,0, 1) = Gen(€,w) = € 3(EF), (5.3)

From (5.3), we have the Fourier transform of the exact solution
llea (€, w0, 1) = e FD=FONE+2) o =8(E40?) (5.4)

where

t o ¢ ,
F(t):/o @ds:/o(éls—f—?))ds:% + 3t.

From (5.4), we have the Fourier transform of the exact solution at £ = 0
ﬂex(éT? w, 0) — e(F(l)—F(O))(§2+w2)6—8(£2+w2> — 6_3<§2+w2). (55)

Let us consider the perturbed data

16 16y 1 22442
ge(x,y) = | 1+ey\/ — | Gea(,y) = | 1+ 64/ — | —z€” ol (5.6)
s m | 16
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We have an error in the data

L 16 [ [T [T 1 _2242
19: = Geally = [19e — Gexll, = € . ] 16° ?
Choosing M = 3, N =7, we get
b. = ! In (1) = L In (1),
V2N(T —t) +1 £ V15 £
MNT 21 1 1 3 1
— oM2(T—t)+N — c16 — — 1 _ — —1 _
p=e = ce \/QNT n(ﬁ) \/32 n(a)’
0 = eNTINT = 17, = Lln 1 = iln E .
T 2NT o 119 €

From (4.1), we have the Fourier transform of the first regularized solution at ¢ = 0

[N

2
dmdy) =c.

e—(§2+w2>F(0)

Ve (ga) (57 W, 0) = B+ e (E2rw?)F(1) ga(gv W)X([[_CECE}?) (57 OJ)

16) e S(E)
- (1 i \/; ) Ay eve ([VEmy D))

The error estimate between the first regularized solution v. (g.) (., ., 0) and the exact
solution e, (., ,,0) is

“Ua (ga) (" " 0) - uew(" * 0)||2 = Hﬁs (gé) (‘7 " 0) - @eﬂﬁ(‘v " 0)||2
(1 ve E) Gl e—s<52+w2>] e

Ry et

n / / e~ 0(+%) deduo.
R2\[—CE:CE]2

From (4.9), we get the Fourier transform of the second regularized solution at ¢ = 0

e—(§2+w2)F(o)

wE (g€> (57 W, 0) - o (52 + wg) + e_(§2+w2)p(1) 96(57 w>X([—m€,m5]2)(£7 w)

16 e 8(E %)
- <1 * 6\/;> e (&2 1 w?) 4 e D@ X([f\/% n(D)/dam(2)]) (&w).
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The error estimate between the second regularized solution w; (g) (., .,0) and the
exact solution uex(., ., 0)1is

|we (ge)

//

70)”2 = Hwa (ga) ('7 "O) - ﬁex(-v ° O)||2

™

1_6> o)
¥ (

£ 4 w?) + e e

2
3(§2+w2)] dedw

+ / / e 6(€+7) deduy.
Rz\[_msm"%]Q

Table 1. The error estimate between the first regularized solution v. (g.) (., .,0)

and the exact solution ., (., .,0)

. - (9:) (. 0) = tea( ., 0)]]
10— 0.6304
1075 0.02262
10-10 4.28 x 1074
1015 7.49 x 10~
1030 1.2068 x 10716

Table 2. The error estimate between the second regularized solution w. (g.) (., .,0)

and the exact solution u.,/(., .,0)

£ [we (g2) (-, 0) = ttea (-, -, 0) 5
107! 0.933
107° 0.156
L0-10 0.025
10-15 2.168 x 1073
1030 3.9785 x 1076

Remark 5.1. From Table 1 and Table 2, we can see that the error of the regularized
solution and the exact solution is smaller when the error of the data is smaller. So,
this computated result is consistent to the theoretical result, which demonstrates the

effectiveness of our method.

27



Nguyen QH, Nguyen MH & Phan PD

Figure 2. The graphs of the Fourier transform of the first regularized solutions
U€k<g€k>(‘7 9y 0)7 k= ]-, 27 3, 4, 5

S 5

Figure 3. The graphs of the Fourier transform of the second regularized solutions
w€k(g€k)('7 ) O), k= 1, 2, 3, 47 5
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6.

Conclusions

In this paper, we investigate the ill-posedness and regularization of a time-inverse

heat problem with time-dependent coefficients in two-dimensional and homogeneous
cases. In particular, we used the integral truncation method associated with quasi -
boundary value method and modified the quasi-boundary value method to establish
approximate solutions to the problem. Moreover, we established error estimates between
the exact solution and the regularized solutions with different conditions on the exact
solution. Finally, we provide a numerical example to illustrate the results obtained by our
theoretical method. In the future, we will consider the problem in the nonhomogeneous
case by using many methods.
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