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Abstract. We propose a semi-implicit Milstein scheme for a class of stochastic
differential equations with super-linearly growing dissipative drift coefficients,
in particular on the stochastic Ginzburg—Landau equation. The nonlinear cubic
drift is treated implicitly, while the diffusion and Milstein correction terms are
evaluated explicitly. This construction preserves the dissipative structure of the
underlying equation and avoids the use of taming or truncation techniques. Under
the assumption that the diffusion coefficient possesses bounded derivatives up to
second order, we establish the well-posedness of the proposed numerical scheme
and derive uniform moment bounds of arbitrary order. We further prove that
the proposed approximation converges strongly to the exact solution with order
one in L?. Numerical experiments confirm the theoretical convergence rate and
demonstrate the stability of the method for large initial data.

Keywords: Ginzburg-Landau equations; Milstein scheme; Simulation; Stochastic
differential equation.

1. Introduction

The numerical approximation of stochastic differential equations (SDEs) with
non-globally Lipschitz coefficients has attracted considerable attention during the past
two decades; see, for example, [1], [2]. Under global Lipschitz assumptions on both
the drift and diffusion coefficients, classical numerical methods such as Euler-Maruyama
(EM) scheme and the Milstein scheme are well understood. In particular, the EM method
achieves a strong convergence order of 1/2, while the Milstein method attains higher
strong order 1 provided that sufficient smoothness assumptions on the diffusion coefficient
are imposed [1], [3].
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However, in many applications arising from physics, chemistry, biology, and
finance, the drift coefficient exhibits super-linear growth and fails to satisfy the global
Lipschitz condition. A typical example is the stochastic Ginzburg—Landau equation

dX; = (aX, — bX?)dt + o(X;)dW,, 0<t<T, (1.1)

where a € R, b > 0, o(.) is a sufficiently smooth diffusion coefficient, W, is a
standard one-dimensional Brownian motion defined on a complete filtered probability
space (2, F, (F;),P). Owing to its nonlinear dissipative structure and rich dynamical
behavior, equation (1.1) has become a standard benchmark problem in the theory of SDEs
and numerical stochastic analysis. The cubic drift term provides strong stabilization for
large values of the solution, but simultaneously creates significant difficulties for explicit
numerical schemes.

It is now well known that the classical EM method may diverge strongly and weakly
for SDEs with super-linearly growing drift coefficients, even when the exact solution
possesses finite moments of all orders [4]. To overcome the divergence of the classical
Euler—-Maruyama method in the non-globally Lipschitz setting, a variety of modified
explicit schemes have been developed. Among the most influential approaches are the
tamed Euler methods introduced by Hutzenthaler, Jentzen and Kloeden [5] and further
developed by Sabanis [6], as well as truncated Euler methods proposed by Mao [7] and
later generalized in [8]. Adaptive step-size techniques and stopping-time arguments have
also been investigated; see, for example, [9], [10].

Beyond Euler-type methods, considerable effort has been devoted to the
construction of higher-order approximations. Under global Lipschitz assumptions, the
Milstein scheme is one of the most important strong approximation methods because
it achieves convergence order one in L? while retaining a relatively simple structure
[1], [3]. Extending Milstein-type methods to non-globally Lipschitz SDEs is considerably
more challenging. Several modified Milstein schemes have been proposed in recent
years, including tamed Milstein methods [11]-[13] and related variants for super-linear
stochastic systems. These methods preserve the higher-order structure of the Milstein
correction while introducing suitable modifications of the drift and diffusion coefficients
to guarantee stability and convergence. An alternative strategy is provided by implicit
discretization. Implicit methods are well known for their superior stability properties
and their ability to preserve dissipative structures of stochastic dynamical systems; see
[14]-[16]. In particular, they are especially effective for stiff equations and SDEs with
strongly nonlinear drift coefficients. The drawback is that fully implicit schemes typically
require the solution of nonlinear algebraic equations involving the entire drift coefficient
at every time step, which may become computationally demanding.

Recently, in [17], a semi-implicit Euler-Maruyama scheme was proposed for
stochastic differential equations whose drift can be decomposed into a globally Lipschitz
component and a super-linear dissipative component. The key idea is to treat only the
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nonlinear dissipative part implicitly while keeping the remaining terms explicit. This
strategy preserves much of the stability of fully implicit methods while significantly
reducing the computational complexity. Moreover, the resulting numerical scheme retains
the original drift structure and avoids taming or truncation. Under suitable monotonicity
and Khasminskii-type assumptions, the scheme was shown to possess bounded moments
and to converge strongly with order 1/2.

The purpose of the present paper is therefore to develop and analyze a semi-implicit
Milstein scheme for the stochastic Ginzburg—Landau equation (1.1). The proposed
method combines the stabilizing effect of an implicit treatment of the cubic drift with
the higher-order accuracy of the Milstein correction. More precisely, the nonlinear term
—bX?} is discretized implicitly, whereas the diffusion coefficient and Milstein correction
are evaluated explicitly. As a consequence, the numerical method leads to a simple scalar
nonlinear equation at each time step while preserving the dissipative structure of the
original system. More precisely, we introduce a semi-implicit Milstein scheme of the form

1
nﬂ:ykuma—mﬁQA+dnywm+§dnww@«mmy—A) (1.2)

where A = T'/n, AW}, = Wik+1)a — Wira. Compared with the fully implicit Milstein
method, the proposed scheme leads to a significantly simpler nonlinear equation at each
time step. At the same time, it preserves the dissipative structure generated by the cubic
term —bX?3, which plays a crucial role for obtaining uniform moment estimates.

The present work can be regarded as a higher-order extension of the semi-implicit
Euler—-Maruyama approach recently developed in [17] for super-linear stochastic
differential equations. Compared with the semi-implicit Euler method, the analysis here
is substantially more delicate because of the presence of the Milstein correction term
10(X)o'(X)((AW)? — A), whose contribution must be controlled simultaneously with
the implicit cubic drift. The combination of these two features constitutes the main
technical difficulty of the paper.

2. Uniform moment estimates

Throughout this paper, we suppose that the following assumption holds.

Assumption 2.1. The initial value X is bounded, b > 0, the function o € C 2(]R), and
there exists a constant L > 0 such that

o' (z)| + 0" (z)] < L, x € R.
Thanks to Assumption 2.1, there exists a constant C' > 0 such that

lo(x)] + |h(z)] < C(1+|z|), zeR. 2.1
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It follows from Lemma 3.1 in [17] that for any p > 0, there exists a constant C,
such that
E[ sup |X:|P] < C,.

0<t<T

We rewrite the semi-implicit Milstein scheme as follows,
Yk+1 = Yk + (CLYk - bYk3+1)A + O'(Yk)AWk + h(Yk)nk, (22)

where )
Yy = Xo, h(x) = ia(x)a’(x), m = (AW,)? — A,

It is clear that there exists a unique Y, satisfying equation (2.2).

Lemma 2.1. For every integer m > 1, there exists a constant C,, > 0, independent of A

and n, such that
sup E|Yi[*™ < C,.

0<k<n

Proof. Rewrite (2.2) as
Yii + bAY,f’Jrl =Y.+ Z, (2.3)

where Z, = aAY), + o (Yy,) AWy + h(Y})n;,. Multiplying both sides of (2.3) by Y2} ™!
gives Y2 + bAYT = Y2 (Vi + Zy). Since b > 0,

Y™ < |Yi 4+ Zi|*™. (2.4)
We now estimate the right-hand side conditionally on F, . By the binomial formula,

2m
2
(Ve + Zp)™™ = V2" +2mY2" " Zp + ) ( ;”) Y2z

r=2

Taking conditional expectation and using E[AW), | F;, ] = 0, E[n | F,] = 0, we obtain
E[Zy | Fi,] = aAY}. Consequently,

2mYZP" T E[Z), | Fi] = 2maAYE™ < CA|Y P

Next, for every integer » > 2, using (2.1) and the moment estimates of Gaussian
increments, we have

E[|Z" | Fio] < CA2(1+ |Yi]") < CLA(L + Vi), (2.5)

where we used A < T and 7/2 > 1. Indeed, E|[AW,|" = C,A"/? and Eln,|" =
E[(AW,)? — A" < C, A" < C,A™/2. Therefore (2.5) follows from

12" < Co (ATl + o (V) JAWA]” + ROV Il
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For 2 < r < 2m, Young’s inequality gives |V [*" " (1 + |Yi|") < Cp(1 + |Y3]*™).
Thus E[|Y:[*™ " Zi|" | Fi,] < CA(1 4 |Y]|*™). Combining the above estimates with
(2.4), we obtain

E[[Yie1 "™ | Fo] < (14 CrA)|Yi]*™ + CrA.
Taking expectation yields
E|Y[*™ < (14 Cr A)EY*™ + C,A.
By the discrete Gronwall inequality, supy<,<,, E|Y;|*™ < C,,. The proof is complete. [
3. Strong convergence of order one
Let f(x) = ax — ba3. For 0 < k < n — 1, define

P / R () — aX(t) + X (ths1)?] ds

ti

+ / k1 [U(X(s)) — (X (t)) — o(X (tp))o' (X (t:)) (W (s) — W (t))| dW (s).

123

3.1

Lemma 3.1. There exists a constant C' > 0, independent of k and A, such that
Elps|? < CA®. (3.2)

Moreover,

E [E[prs1 | Fo ]| < CAY, (3.3)
E |E|pr1 AW, | Fp,])> < CAY, (3.4)
E|Elperim | Fo ]l < CA* (3.5)
Proof. For simplicity, write X, = X(t3), Xpes1 = X(tet1), Ex[] = E[ | F,]. We

decompose pri1 = Agi1 + Byi1, where
trt+1 5
Akﬂz/ [f(X(s)) — aX) +bX},,] ds
i

_ a/tkH(X(s) ~ Xy)ds — b/tkH(X(s)?’ _ X3, ds,

tk ti
and

By = / T [o(X(5) — 0(X0) — 0 (X0 (X)W (s) — W(re))] amw (s).

173

13



N.V. Dung & N.T.K. Oanh
We shall use the standard conditional increment estimates: for every p > 2, there
exist constants C), > 0 such that, for ¢, < s <44,
Ei| X (s) — Xi|P < Cp(1 + | X3 *P) (s — 5, )P/2, (3.6)
and
By | X (5) — Xp, — 0(Xp)(W(s) — W(te)|? < C(1 + | X% (s — )2 (3.7

These estimates follow from the integral form of the SDE, the Burkholder—Davis—Gundy
inequality and the polynomial moment bounds for the exact solution.

Holder’s inequality, (3.6), and the moment bounds for X yield
tpaa
E|Ap 1| < C’A/ E|X(s) — X.|*ds
123
trt1
+ CA/ E[(1+1X () + [Xia X () — Xewr ] ds
tg
tpaa tk+1
< C’A/ (s —tg)ds + C’A/ (tey1 — ) ds < CA®.
tk i
We now estimate the diffusion defect. Define

R(s) = 0(X(s)) — 0(Xi) = 0(Xp)o"(Xi) (W (s) = W (tx))-
By 1td’s formula applied to o (X (s)),

Rs) = [ | @) + 3o (o (X )] o

+/ [U'(X(u))a(X(u)) —a'(Xk)J(Xk)}dW(u).
Ly
Since ¢’ and o” are bounded, using (3.6),

EiR(s)|* < C(1 4 | X5|%) (s — t)*.

Therefore, by It0’s isometry,

tk+1 tk+1
E|B1|* = / E|R(s)|>ds < C/ (s —tp)?ds < CA®.

tr Lk
Combining the estimates for A, and By, proves (3.2).

We now prove the conditional estimates. Since By is a stochastic integral over
[tk, tk+1] With an adapted integrand, Ex[Byi1] = 0. Thus Ey[pr11] = Ex[Ag11]. Using
1t0’s formula for X (s) and X (s)3, one obtains

|MW@—XmSC[MO+mMﬁWr

14



Semi-implicit Milstein scheme for stochastic Ginzburg-Landau equations

and .
k+1
|&M@P—XaMSO/ (1 + E[| X, F])dr

173
Consequently,

trt1
|mmmm$0A/ (1 + EA[|X.17))ds.

ty
Taking expectation and using the moment bounds of X, gives E [Ey[pp1]|> < CA*. This
proves (3.3).
The estimates (3.4) and (3.5) follow directly from (3.2) and the Cauchy-Schwarz
inequality. []

Theorem 3.1. Let assumption 2.1 hold. Then, there exists a constant C' > 0, independent
of A, such that
Org%JEyX(tk) — Y| <oA%
Thus, the semi-implicit Milstein scheme converges strongly with order one in L?.

Proof. Let e, = X (1) — Y. It follows from (2.2) that

eri1 + A (X (1) = Y2) = (1 + al)ey + 00k AW, + Shyay + prs1,  (3.8)
where pj1 1s defined in (3.1) and

dor, = o(X(ty)) — o(Yr), dh, = h(X (tg)) — h(Yy).
Define Uy1 = (1 + al)eg + dor AWy, + dhgny. Then
eri1 + DA (X (ti1)” = Y1) = Ukr + prpr.
Multiplying both sides by e gives
lena]® + bAer1 (X (to1)® — Y1) = enr1(Ussr + prr)-

Since (z — y) (2 — y®) = (z — y)*(z* + 2y + y*) > 0, the second term on the left-hand
side is nonnegative. Hence

leri1]? < er1 (Upr + prgr)-
By Young’s inequality, |egy1|> < |Ugy1 + pri1)®. Therefore,
Elegs1 ] < E|Upsal? + 2E[Ups1p541] + Elpera [ (3.9)
We have

E|Up1|? = (1 + aA)?Eleg|* + AE|doy|* + 2A%E|5h,|* < (1 4+ CA)Elex|*,  (3.10)
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where we use the global Lipschitz continuity of o and h. We write ]E[Ukﬂ pkﬂ} =
[1 -+ Ig + 13, with

I = E[(l +al)ex pkﬂ}, I = ]E[dak AW, p,ﬁl}, Iy = E[éhk - pkﬂ].

For the first term, using conditional expectation and the Cauchy-Schwarz
inequality,

| = ‘E[(l + aA)ekEk[pkH]” < O (Elex2)"”? (E\Ek[pk+l]\2)l/2.

By (3.3), |I1] < CA? (E!ek|2)1/2 < CAElex|* + CA3. For the second term, since o,

is F;, -measurable, [, = E[éok Ek[pkHAWk]] Since o is globally Lipschitz, |00y <
L|eg|. Therefore,

o\ 1/2 2\ 1/2

L] < LElex] [Bxlpre1 AW || < L(Elexf?)" (E[Bslor 1 AWA][T)

Using (3.4), || < CA2(E|e?)"”* < CAE|ex|? + CA®. Since h is globally Lipschitz,
|6hk| S L|6k|, and 13 = ]E[éhk ]Ek[pk—klnk}] . Hence

1/2
L] < L(Elex[?)"”? <E\Ek[Pk+1’7k]|2>

By (3.3), |I3] < CA? (]E|ek]2)1/2 < CAEle|*> + CA3. Combining the above estimates,
we arrive at
|E[Uk10011]| < CAE|ex]* + CA®. (3.11)

Substituting (3.11), (3.10), and (3.2) into (3.9), we obtain
Eleps1]? < (1 4+ CA)E|e]* + CA®.
Since eg = 0, an application of discrete Gronwall inequality yields

max Ele,|? < CA%
0<k<n

This completes the proof.

4. Numerical study

In this section, we present some numerical experiments to illustrate the convergence
behavior of the proposed semi-implicit Milstein scheme. The experiments are conducted
to verify the theoretical strong convergence order established in Theorem 3.1.
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We consider the stochastic Ginzburg—Landau equation
dX, = (aX; — bX?)dt + o(X,), dW, X = o, 4.1)

witha = —1, b = 1, T' = 1. Two diffusion coefficients are considered: o(z) = x + 1,
and o(z) = cos(z). For both two cases, the assumptions of Theorem 3.1 are satisfied
since o', 0" are globally bounded or have bounded derivatives.

Since the exact solution is unavailable in closed form, we employ the standard
two-scale strategy used in strong convergence studies. For each step size A, =
27k, k = 4,...,10, we compute a coarse approximation Y2#(T) and a fine
approximation Y2#/2(T), driven by the same Brownian path. The root mean square
difference (RMSD) is defined by

M 1/2
S 2
RMSD(Ay) = <— ) ;
M

J

where M denotes the number of Monte Carlo samples.
We estimate the convergence rate « from the least-squares fit

log,(RMSD(Ag)) = —ak + 5.

If the numerical method converges strongly with order one, then we expect o ~ 1.
Throughout the experiments, we use M = 10°> Monte Carlo trajectories.

Table 1: Estimated strong convergence rates of the semi-implicit Milstein scheme for

different diffusion coefficients.
Xo 0.1 0.5 1 2 3 5 10 20 50

ox)=xz+1 099 099 098 098 098 096 093 090 0.88
o(x) =cos(z) | 1.00 1.00 1.00 099 098 096 093 091 0.90

Table 1 reports the estimated convergence rates for different initial values.
We observe that the estimated rates remain close to one for all tested initial values. Even
for relatively large initial conditions such as X, = 50, the estimated rate remains above
0.87. Moreover, all regression coefficients satisfy R? > 0.999, indicating an excellent
linear relation between log,(RMSD) and the refinement level k.

These results strongly support the theoretical convergence order predicted by
Theorem 3.1.
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