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Abstract. This paper investigates dynamic delay equations on time scales. Due
to the lack of a well-defined subtraction, the formulation of delay equations in this
setting is nontrivial. We first introduce a suitable representation of delay dynamic
equations on time scales. We then prove the existence and uniqueness of solutions,
as well as the uniform exponential stability for A-dynamic delay equations via
Lyapunov direct method. The obtained results extend existing works and provide
verifiable conditions in the framework of time scale calculus.
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1. Introduction

The qualitative and quantitative properties of deterministic and stochastic dynamic
equations on time scales have received significant attention from many research groups.
This interest stems from their critical roles in describing the evolution of ecosystems
within random environments, as documented in numerous studies ([1]-[9]). Typically,
these investigations are extended to delay dynamic equations because of their importance
in describing systems in science and technology, where dynamic of the system state
depends not only on the present state but also on its history. Despite their significance,
there have been only a few works dealing with delay dynamic equations on time scales.
The primary reason is that subtraction on a time scale is generally no longer valid, which
raises difficulties in deriving a formal concept of ’delay equations on time scales”. In
[7], [10], [11], the authors have considered some qualitative properties of solutions for
deterministic dynamic delay equations. However, the assumptions they imposed on the
time scales are very restrictive. To the best of our knowledge, there has not been any study
dealing with the qualitative and quantitative properties of stochastic dynamic equations
with time-varying delay on time scales. Even in the special case where T = R, there
are only few papers (see [12], [13]) that have proposed stability conditions for stochastic
differential equations with time-varying delay via Lyapunov functions, and the conditions
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derived in them are often difficult to verify. Motivated by these gaps, the purpose of this
paper is the following: To propose a viable definition for delay equations on time scales.
To consider the existence, uniqueness, and uniform exponential stability of A-stochastic
dynamic delay equations via the Lyapunov direct method. To improve mathematical
techniques, as standard substitution rules in integrals cannot be applied to calculus on
time scales, making traditional methods for delay difference/differential equations invalid
in this context.

2. Preliminaries and definitions

Let T be a closed subset of R, enclosed with the topology inherited from the
standard topology on R. Let o(t) = inf{s € T : s > t}, u(t) = o(t) — t and p(t) =
sup{s € T : s < t}, u(t) =t — p(t) (supplemented by sup ) = inf T,inf ) = supT). A
point ¢ € T is said to be right-dense if o(t) = t, right-scattered if o(t) > t, left-dense if
p(t) = t, left-scattered if p(t) < t and isolated if t is simultaneously right-scattered and
left-scattered. The set ;T is defined to be T if T does not have a right-scattered minimum;
otherwise, it is T without this right-scattered minimum. A function f defined on T is
regulated if there exist a left-sided limit at every left-dense point and a right-sided limit
at every right-dense point. A regulated function is called [d-continuous if it is continuous
at every left-dense point. Similarly, one has the notion of rd-continuous. For a,b € T,
by [a,b], we mean the set {t € T : a < ¢t < b}. Denote T, = {t € T : ¢t > a} and
by R (resp. R™) the set of all rd-continuous and regressive (resp. positive regressive)
functions. For any function f defined on T, we write f* stands for the function f o p; i.e.,
I{ = f(p(t)) forall t € ,T and lim, s f(s) by f(t) or f; if this limit exists. It is easy to
see that if ¢ is left-scattered then f; = ff. Let I be the set of all left-scattered points of T.
Clearly, I is at most countable.

Throughout this paper, we suppose that the time scale T has bounded graininess,
thatis 0* = sup{o(t) : t € , T} < oc.

Let A be an increasing right continuous function defined on T. We denote by 4
the Lebesgue A-measure associated with A. For any /4 -measurable function f : T — R,
we write fcf fsA A, for the integral of f with respect to the measures pa on (a,t]. It is

seen that the function ¢ — f; fsA A, is cadlag. It is continuous if A is continuous. In case
A(t) = t we write simply f(f fsAs for fat fsAA,. For details, we refer the reader to [6].
Let p € R be regulated. We define the so-called exponential function

et} =exv { [ 6ur)ar)

where
Ln(1 + hz)

h
and Ln x to be the principal logarithm of x (see [2, Definition 2.30] in details). Therefore,

En(z) =zifh =0, &(z2) = if h #0
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e,(t, to) is solution of the initial value problem

y2(t) = p()y(t), ylte) =1, t> to.

Define by induction a sequence of polynomial functions h; : T x T — R,

t
ho(t,s) =1 and hyyq(t,s) :/ hi(u, s)Au, k€ N.

Since hy(t, s) is continuous in ¢, we have g1 (f,5) < =2 k € N. It is known that (see

n!
[1, Theorem 1.113])
Zp”hn(t, s) = ep(t, s). (2.1)
n=0

Later, we need the following lemma also known as a variant of Gronwall - Bellman
inequality

Lemma 2.1 ([3]). Let u(t) be a regulated function and ugy, «« € R. Then, the inequality

t
u(t) < wug+ a/ u(s)As forall teT,,

to

implies that u(t) < ugpe,(t,tg) forall t € Ty,.

3. Delay dynamic equations on times scales

Let T be a time scale. There are some works dealing with delay dynamic equations
on time scales (see [7, 10, 11]), where the authors attempted to give concepts of delay
functions. However, there are only a few time scales matching these concepts. Therefore,
based on the varying time bounded delay ideas in differential equations, we define a delay
function as an rd-continous map r(-) :x T — T which satisfies r(t) < ¢ forallt € T
and 7, = sup{t — r(t) : t € T} < co. Forany s € T, denote b; := min{r(t) : t > s}
and consider the set I'y = {r(t) : t > s} N [bs, s]. We know that s — b(s) > 7.. Let
C(Ty; R?) be the family of continuous functions from T, to R? with the norm ||p||s =
sup,cr, [¢(s)]].

Fix ¢y € T and consider the A-delay equations on a time scale

{X%) = f(t. X(t), X(r(t))),t € Ty,

(3.1)
X(s) =¢&(s), VseTly,

where f : T x R? x R? — R? is a continuous function and ¢ = {£(s) : s € T\, } is in
C(T't, ). In the following we

denote by ’ﬁ‘s the set I'y U T, for any s € T.

Definition 3.1. A function (X (t)) ey valued in RY, is called a solution of equation (3.1)
if it is A- differentiable and (3.1) holds.
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The equation (3.1) is said to have the uniqueness of solutions if X (¢) and X (t) with
X(t) = X(t) fort € Ty, are two processes satisfying (3.2) then

X(t) = X(t), forall t € Ty,.

Since f is continuous, X (¢) is a solution of (3.1) if and only if

X(t) =&(to) + /tf(s,X(s),X(r(s)))As, t > t. (3.2)

to
We now give conditions guaranteeing the existence and uniqueness of solutions to
equation (3.1). First, we consider the case where the coefficients satisfy Lipschitz and
linear growth conditions.

Theorem 3.1 (Existence and uniqueness of solution). Assume that for any T' € T, there
exist positive constants k = k(T) and & = R(T') such that

(i) (Lipschitz condition) for all z;,y; € R i = 1,2 and t € [ty,T),

(20 90) = (w2, 92) | < R([l2r = @all + lyn = wall)- (3.3)
(ii) (Linear growth condition) for all (t,z,y) € [to, T] x R? x RY,
1tz )il < &L+ Izl + llyl)- (3.4)

Then, there exists a unique solution X (t) to equation (3.1).

Proof. For the existence of a solution, let 7' € T, and we will show that a solution of
equation (3.1) exists on [ty, T']. We set

Xo(t) =&(t),t €Ty, and Xo(t) = E(t), t € Ty,.
Based on (3.2), we define the Picard iteration: X,,(t) = £(t), t € I'y, and

X (t) = &E(ty) + /t f(5, Xn-1(s), Xnoa(r(s))) As. (3.5)

to

Since s € [t, s, r(s) C Ty, U [to, 7(s)] and || X,,(7) — X,,o1(7)|| = 0 on Ty,

[ X1 ()= Xn(®)] S/tHf(s,Xn(S%Xn(T(S)))—f(S,Xn—1(8)7Xn—1(7“(5)))||A3

S/@/
to

(I1Xa(5) = Xua ()| + 1Xn(r(5)) = Xoa(r(s) ) A
Sﬁﬂ%(QmHXMﬂ—X@mﬂn+ sup [ Xa(7) = X (7)]]) A
<

to<7<s 7€t U[to,r(s)]

t
< [ (sup 1X0r) = XomaP)] 4 sup X, (r) = Xomalr)]) A
to to<t<s

TE[to,r(s)]

t
§2/<a/ sup || X, (7) = Xo_1(7)]|As.
t

o to<T<s
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Let sup,,<,<7 || X1(s) — Xo(s)|| = C. By induction, we can prove that
sup || Xnt1(s) = Xn(s)|| < C(2K)"h,(t, o). (3.6)

to<s<t

Since Y (2k)"h, (T, to) = eax (T, to), it follows that X, (-) is a Cauchy sequence. Hence,

n=0

there exists a function X (¢) such that

lim sup [|X,(t)— X(¢)] =0.

n—o0 tOStST

Let n — oo in (3.5), we see that X (¢) satisfies Equation (3.2). Further, let X (¢) and X (¢)
be two solutions of equation (3.1). Then, by a similar argument as above we have

t
sup | X(r) — X(r)|| < 2+ / sup [|X(r) — X(r)]As.
lo<T<t to to<t<s

Using Gronwall-Bellman inequality yields

sup || X(7) — X(7)] =0,

to<s<T
ie., X(t) = X(t) forall t, < ¢t < T. The uniqueness of the solution has been proved.
The proof is complete. []

In the proof of Theorem 3.1, we have shown that the Picard iterative sequence X, (%)
converges to the unique solution X (¢) of equation (3.1). The following theorem gives an
estimate on the rate of convergence.

Theorem 3.2. Assume the assumptions of Theorem 3.1 hold. Let X (t) be the unique
solution of equation (3.1) and X,,(t) be the Picard iteration defined by (3.8). Then,

S%ET | X5 (t) = X ()| < C(26)"h, (T, to)e2 (T, to), (3.7)

to<

foralln > 1.

Proof. By using similar arguments in the proof of 3.1,

X0 - Xl <« [

to

t

(1% 1(5) =X ()| + [ X () =X () ) A,
Therefore,

sup || Xn(s) — X(s)]| < 2/<L/t sup || X,_1(7) — X(7)||As

to<s<t o to<T<s

< o / sup {[1X(7) — Xoca(D)I] + [ X (7) — X (1)} As

o to<7<s

"2 C(@R) Bt ) + 25 / sup X, (r) — X(7)[[}]As.

o to<7<s
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By using the Gronwall-Bellman inequality we get

sup [|Xn(s) = X(s)| < C(2r)"hn(t, o) e2x(t, To)-

to<s<t
That we get sup, <7 || Xn(t) — X(t)|]| < C@2k)"ho(T,to)e2:T,to). The proof is

complete. [

We now consider the case where the coefficients of equation (3.1) are locally
Lipschitz. Let C*! ([a, b] x R%; R) be the set of all functions V' (¢, z) defined on [a, b] x RY,
having continuous A-derivative in ¢ and z. Let

I={teTy :tisu(t) > 0}.
For any V € CVY(T;, x R R) define
oV (t,x)
1 = Ip(t fl t,l’,y
O CE VR
+ (Vo + f(t o yn(®) = ViEo)) o),

LV (tx,y) =Vt +Z

0 if pu(t) =0,
where V2 is partial A-derivative of V (t,z)intand ®(t) =4 |, | ph)
Theorem 3.3. Suppose that for any k > 0 and T' € Ty, there exists a constant Lt > 0
such that

1f(t, 21, 91) = f(t 22, 92) || < Lo (llz — 22l + [lyr — v21l), (3.9)

forall v, y; € RY, i = 1,2 with ||x;|| V ||yi]| < k and t € [to, T). Further, there are two
positive constants A1, Ao and a function V € C! ([bto, T] x RY; R+) satisfying

LV(t2,y) S V(L) + 2V (r(1),y), (3.10)
and lim inf V(t,x) = oo. Then, the equation (3.1) has a unique solution X (t)

||| —o0 te[to T]

defined on ’]I’to

Proof. For each k > ko = [||]|,] + 1, define the truncation function
ft,z,y) if |zl v {lyll < &
F(t A ) i all v gl > k.

It is easy to see that f, is bounded and satisfies the global Lipschitz condition. Therefore,
by Theorem 3.1 there exists a unique solution X(+) to the equation

XA(0) = fiult, X (1), X (1)
X(s)=£&(s) eRE Vs eTy,.

fk(tvxvy) = {

(3.11)
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Define a sequence of time
O = inf{t € Ty, : | Xx(D)|| > &k}, Ok, = to-
It is easy to see that 6, is increasing and we have
Xi(t) = Xpqa(t) if to <t <0y (3.12)

Denote 0, = klim 0) and define the function X (¢), to <t < 0 by
—00

X(t) = Xp(t), to<t<bp, k>k.

Using (3.12) gets X (0 A t) = Xi(0x A t). By (3.10) it yields
t
V(0 A X0 A) =Vt €lt0)) + [ LV (5 X(6), X (6)) ()T (5)0s
to

< V(to, (k) + / <A1V(5,X(s)) —|—)\QV(r(s),X(T(S))))l[toﬂk}(s)As.

to
Let s = inf{t : r(t) > to}. We have

sup V(Qk N s, X<9k A S)) < V(t07 g(t()))
to<s<t
t

—1—)\1/ V(S,X(s))l[to,gk}(s)As—i—)\2/ V(r(s), X(r(5))) 1,0, (5)As

to to

V(0. £(t0)) + M / V (5, X () Lo oy (5)As

to

+ Ag /tSOV(T(S)aX(T(5>)1[to,9k](5)A8 + )‘2/V(T(S)uX(T(S)))l[tmok}(S)AS

0 0

t t
< Cy+ N\ /supV(T, X(7)) Ligg 0, (5)As + )\2/ sup V (7, X (7)) 1.0, (s)As
: to<t<s ttOSTST(S)
0 0

t
§02+)\/ sup V(@k/\T,X(Qk/\T))AS,
t

0 to<7<s
where A = \{ + )5 and
Ca =V {t0,€(t0) + 2 [ V(rg()(s)s
to

Using the Gronwall-Bellman inequality yields

sup V(0p A s, X(0x N s)) < Cyen(t, to).

to<s<t
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Hence,
V(0 At X (0 At)) < Coenlt, to).

On the other hand, if 6., < T, follow the definition of 6, we have

lim sup || X (¢)]| = oo.

t—000

Therefore, the property | 1"1‘111 i[nf | V(t,x) = oo, which leads to a contradiction. Thus,
z||—o0 te(to,T

0~ > T, i.e., the solution X (¢) is defined on [to, T'|. The uniqueness follows immediately
from the uniqueness of solutions of equation (3.11). ]

4. On the stability of delay dynamic equation

In this section we give sufficient conditions for the exponential stability of equation

(3.1). We suppose that for any s > tq and ¢ € C(T',; R?), there exists a unique solution

X(t,s,€),t € Ty of the equation (3.1) satisfying X (¢,s,&) = £(t) for any ¢ € T.
Furthermore,

f(t,0,0) =0; ¢g(t,0,0) =0, VteT,,. 4.1

From the condition (4.1), equation (3.1) has a trivial solution X (¢, s,0) = 0.

Definition 4.1. The trivial solution X(t,s,0) = 0 of equation (3.1) is said to be
exponentially stable if there is a positive constant o such that for any s > t, there exists
Bs > 0 for which the following relation

[ X (s, )l < Bslléllsecalt, s) on t > s, (4.2)
holds for any ¢ € C(T'y; RY).

If one can choose [3; independent of s, the trivial solution of the equation (3.1) is
called uniformly exponentially stable.

Theorem 4.1. Let oy, oo, p, 1, ¢y be positive numbers with oy > «a. Suppose that there
exists a positive definite function V. € CY(T;, x R% R, such that

allzl” <V(tz) <ellz|” V(tz) € Ty x R, (4.3)
and for all (t,z,y) € Ty, x R? x RY

Aa€sa (t, 7(1))
1+ aop(t)

a1

LV (tz,y) < —————
(t,z,y) T+ o)

V(t,z) +

V(r(),v), (4.4)

the equation (3.1) is uniformly exponentially stable.
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Proof. Let s > tp and X (t) = X(t,s,£) be the solution of the equation (3.1) with the
initial condition X (¢) = £(¢) for all ¢ € I';. By (4.4) we get

€a, (1, 5)V (L, X (1))
+/ea1 (r. X (7)) + (haup(M)LV (- X, X () (7)| Ar

)+ GalTS a1VTX( )
A2€oa, (7—7 T(T))
1+ <—1V X(7) + V(r, X )]A
( Oéll/<7')) ]-+041l1'( ) (T (T)) 1-}-052#(7') (T (T’))(T) T
/ 042 1 + al/’b ))€9a1 (T T(T))Gal(T, S)V(’I" X(?"))(T)AT
1+ ap(T) ’
Since the function W is increasing in z and hm % =,
az(1+aip(r)) _ aa(l+ap) o < .

L+ agu(r) = 14 aops
Further, by [1, Theorem 2.36, pp. 62],

Coa; (T, T(T>)ea1 (7-7 S) = €y (7’(7‘), S)'
Therefore, with ¢t > s,
t

SUp €, (7, 8)V (7, X(7)) < V(s,8(s)) +a3 /% (r(7), )V (r(7), X (r(7)))1fs.00)(T) AT

s<7<t s

= V(s,£(s)) +043/ [€a, (1(7), $)V (r(7), X (r(7)))]AT

Vs, &£(s)) + as(s = bs) sup ea, (u, )V {w, £(u) + s /93357[% (u, s)V (u,X ()] As.

We see that

V(s,&(s)) + as(s —bs) sup eq, (u,$)V(u,&(u)) < co(1 4 agre™™)

bs<u<s

3lie
Let c3 = co(1 4+ azme® ™). Using Gronwall-Bellman inequality yields

Sup €q, (u7 S)V(u> X(u)) < C3€ag (tv 5)”5”5 :

s<u<t

By virtue of Fatou’s Lemma, we can take n — oo to obtain

Sup €q, (u7 S)V(U’7 X(U)) < C3Cas (tv S)||£|l§

s<u<t

11
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Hence,

Al XN < V(X (0) < eaefriett®)

€a, (1, 8)

< 6366a(t7 5)||£H§7

where o = a3 © oy = % Thus,

C3
[ X @) < C—leea(t, s)ELE-

Since es,(t, ) = exp { ftz limp us) Ln(1+[@aWAs}, by a direct computation we can

choose a sufficiently small positive number § = (Ho‘/’jﬁ € R" such that which
implies that

(ecalt,s))r < eqp(t,s).
1
Hence, there exits (3, = (i—i’) » such that
X < Bsees(t, s)[€]]s-

This means that the equation (3.1) is uniformly exponentially stable. The proof is
complete. O]

Example 4.1. Let T be a time scale containing 0 and r(t) be a delay function. Assume
that A and B are d x d matrices, we consider the dynamic delay equation on time scale

T

{ XA(t) = AX(t) + BX (r(t)) (4.5)

X(s) =&(s) VselyteT,.
By using V (¢, z) = ||z]|> = 2 "2 we have V2¢(t, 2) = 0. Thus

4oV (t, z)
i=1 0

=2 (A+ ANz +2"By+y B'a=22" Az + 22" By

LV (t,x,y) = filt,x,y) = 2<xT, Az + By)

if t 1, and whent €l
V(t,a+f(tzy)pu) — V(L x) [z + p(Az+By)|* — =)
p(t) u(t)

= % [(xT +pr" AT+ py" BT x4+ Ax + By) — (a7, x>]

o

= 2" (A" + A+ p(t)AAT )z + 2" By +y' Bz + u(t)z" A By
+u(t)y" BT Az + u(t)y" BT By

= 2" (AT+A+pAA )z + 2" (B+ B )y + pu(t)x"(ATB+ ATB)y
+ u(t)y" BT By.

LV(t,z,y) =

12
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Suppose that the abscissa of the matrix A" + A + AAT j(t) is uniformly bounded by a
negative constant —a;. Then,

LV(t x,y) < _041||$||2 +2(1+ p@IAN 1Byl + wO1BI]ly]*

¢ VBl r0) o el
S E LA e T L Fe L
g (”f”ﬁgﬁﬁjg” - u(t)HBH2> Iyl = 201+ uLADIB 1]

Since
e~ < praaltr(t) < €oa, (t,7(t)), forall t € T,

it is easy to see that if || B|| is sufficiently small, then

ptad 1o (l1Bleca (t (1)) -
—p)| B 4.6
Tran@ P+ Cos B OBl 4.6)
=201+ p@[ADIBI =yl = 0,
which implies that
LV t, , 2 HBH€®O¢1 (t77°(t)) 2.
(he0) = 1+au()” ol + 1+ || B|[p(®) Iyl

Therefore, the assumptions of Theorem 4.1 are satisfied, which ensure the trivial solution
of equation (4.5) is exponentially stable.

5k 5k + 4
Let T be a time scale defined by T = J;_, {Z, 2_ ] . Consider the equation
(4.5) with r(t) = t_ and
-1 0 0 0.1 005 0
A=10 -1 -03], B=0.03 0.02 —0.05
0 05 -1 0 005 0.03

In this case, p* = 1, u(t) = 0 when ¢t € (2, 5] and p(t) = 1 when t = 2

Furthermore, the abscissa of the matrix A" + A + AA" u(t) is uniformly bounded by a
negative constant —«; = —1.56; ||A|| = 1,5, || B|| = 0.06. Therefore, the inequality (4.6)
is satisfied, which confirms that the system (4.5) is uniformly exponentially stable.
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