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Abstract.  We study the initial boundary value problem for a class of
reaction-diffusion systems in bounded smooth domains, where one equation has
a small diffusion coefficient 4 > 0, and also the corresponding limit system is
formally obtained when § = 0. We prove the existence of global attractor .45 for
the dynamical system generated by the system in both cases 6 > 0 and § = 0.
Moreover, the upper semicontinuity of the global attractor A5 at & = 0 is also
investigated.
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1. Introduction

In this paper, we investigate the long-time behavior of solutions to the following
reaction-diffusion system in a bounded domain §2 in R” with smooth boundary 0f2:

Ou = Au — f(u,v) + g1(x), (1.1)

0w = 6Av — h(u,v) + go(z), (1.2)

ulgn =0, v|oa = 0, (1.3)

Ulpmo = up € La(2), V|0 = vo € La(N). (1.4)

where 9 > 0 is a small parameter, the nonlinear functions f, h and external forces g1, go
satisfy certain conditions which will be specified.

Studying the asymptotic behavior of infinite-dimensional dynamical systems
generated by nonlinear partial differential equations or functional differential equations
has many practical applications. ~An approach to infinite-dimensional dissipative
dynamical systems is to study the existence and properties of global attractors (see,
e.g., the monographs [1], [2]). In recent years, the existence and properties of global
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attractors have been studied for various classes of nonlinear parabolic equations and
systems appearing in heat transfer processes, diffusion processes, biology, and chemistry,
etc, (see, e.g. [3]-[13]).

In this paper we study the existence and upper semicontinuity of global attractors
for the dynamical system associated to problem (1.1)-(1.4). For this, we impose the
following conditions:

fu,v)u+ h(u,v)v > o(JulP* + |v|P?) — C, (1.5)
[f (u, )7+ [h(u, 0)|* < Co([ul™ + |v* + 1), (1.6)
(flu+ flo)u+ (Rlu+ Ry > —=C (Jul* + |v]*), u,v€R, (1.7)

where o, C, Cy, Cy, p; and p, are positive constants, py,ps > 2 and ¢; = p;/(p; — 1),1 =
1,2. The functions g; (z) and g»(x) in equations (1.1) and (1.2) are assumed to satisfy the
following conditions

91 € L2(Q), g2 € La(Q2). (1.8)

The aim of this paper is to prove the existence of global attractors .4; in the case
0 > 0 and of the global attractor A, in the case 6 = 0. We also prove the upper
semicontinuity of {As} at 6 = 0. In the case § > 0, the associated dynamical system
is strongly dissipative, thus the existence of a global attractor is not difficult to reach by
using standard arguments. More precisely, due to the smoothing effect property, we can
construct a bounded absorbing set in a suitable function space more regular than the phase
space, so we can use the compactness of Sobolev embeddings to immediately ensure
the asymptotic compactness of the associated dynamical system, and this implies the
existence of a compact global attractor in the phase space. However, as in [7]-[11], [14],
this smoothing effect is no longer holds in the case § = 0 since the second equation of
the system is an ordinary differential equation, so the corresponding dynamical system is
only weakly dissipative. Therefore, we have to overcome some essential difficulty when
proving the asymptotic compactness in the limit case 6 = 0. To do this, we will utilize
the ideas of splitting the associated semigroup into two parts as in the pioneering paper of
Marion [14].

The remaining of this paper is organized as follows. In Section 2, we prove the
existence of global attractors in the case 6 > (. Section 3 is devoted to the existence of
a global attractor in the limit case 6 = 0 and we give some examples for comparing our
results with the existing literatureones of Marion [14]. Finally, in Section 4, we prove the
upper semicontinuity of the family of global attractors {45} at § = 0.

2. Existence of global attractors in the case 6 > 0

In this section we prove the existence of global attractors for the dynamical system
generated by problem (1.1)-(1.4) in the case 6 > 0. First, by the Galerkin method and
compactness lemma, one can prove the following existence and uniqueness result.
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Theorem 2.1. [1] For given (ug, vy) in Ly(€2) X Lo(S2), under conditions (1.5)-(1.8), there
exists a unique global weak solution (u(t),v(t)) of the problem (1.1)-(1.4) such that

u € C([0,00); Ly(2)) N Ly (0,005 Hy (2)) N Lige (0,005 Ly, ()

v € C (10, 00); La()) N L% (0, 00; HL()) (1 L (0, 003 L, (),

and

du - dU oc -
= € L (0,00; H (), — € L (0,00; H(12)) .
2

Moreover, the mapping (ug, vo) — (u(t),v(t)) is continuous in (L2(2))".
The above theorem allows us to construct a family of continuous semigroups
Ss(t) : La(2) X Lo(2) — La(02) x Lo(2)
associated with problem (1.1)-(1.4) as follows
5(1) (uo, vo) = (u(t), v(t)),

where (u(t),v(t)) is the unique global weak solution to problem (1.1)-(1.4) with initial
datum (ug, vg).

Proposition 2.1. The family of semigroups {Ss(t)}s-o associated to problem (1.1)-(1.4)
has a bounded absorbing set in the space (L())*.

Proof. By multiplying equations (1.1) and (1.2) with v and v, respectively, and integrating
over (), we have

| =

(lu®IZ, + lv®IL,) + IVu®)IL, + sl Vut)l,

DN | —
QL

t

n /Q F (), 0()u(t) + h(u(t), v(t))o(t)] dr = /Q gu(t)dz + / ().

0
Using (1.5) and the elementary inequality |a|? > |a|*> — 1 for p > 2, we then obtain

5= (lu@IZ, + lv@®IL,) + o (lu®lZ, + lv@IL,)

o 1
< (C+20)|Q] + 5 (lu@®7, + lv@)7,) + py (lgallZ, + Nlg2llZ,) -
Hence

% (lu®IZ, + lvOIL,) + o (lu®IL, + lOIZ,) < Ce,

where Cy = 2(C'+20)|Q|+07" (||lg1]|3, + |lg2||2,) - By multiplying the above inequality
with e and integrating in ¢, we get

luIZ, + OIIL, < (luO)IZ, + lO)IIL,) e + Coo™, ¥t >0. Q2.1

This inequality implies that any ball in (L,(£2))” centered at zero and of radius py > p; =
V/C30~T is an absorbing set in (Ly(£2))> for the semigroup Sj(t). O
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Proposition 2.2. The family of semigroups {Ss(t)}s~o associated to problem (1.1)-(1.4)
has an absorbing set in the space (H}(2))*.

Proof. Setting 5 = min {1;0}, a = S\, where \; > 0 is the first eigenvalue of the
Laplace-Dirichlet operator —A p, we get from (1.5) and the Poincaré inequality that

Ul + el + 8 (Il + ol ) <2100+ a7 (lorl, + lelis) - @2
Multiplying the above inequality with ¢! and integrating in ¢, we have
t
(eI, + lo@)I3,) e + 6 / (Ilu(s) 12y + (s 1 ) e*ds
< [u(OIIZ, +lv(0)I[Z, +2C1Qla e +a™* (lgillL, + llg2]lZ,) e
t

o [ (@I + IE,) s .3

Integrating (2.2) from O to ¢, we can deduce from the definitions of o and 3 that

lu@IZ, + o7, < ()7, + [v(0)I7,) e + Ry,

where R} = 2C|Qa + a7 (||¢1]|3, + [l92/|3,). Multiplying this inequality by ae®
and integrating in ¢, we get

t
a/WMﬂ&+M@ﬁJW®SMWMW&+M@ﬁJ+ﬁw-
0

We then obtain from (2.3) that

/0 ()l + ()13 ) eds < 571+ at) (u(O)[3, + [0(O)]13,) + R3B~"ee",

where R} = 2C|Qla™! + a2 (o112, + llg2112,) + RE.
Now multiplying equations (1.1) and (1.2) with —Awu and —Aw, respectively, and
integrating over €2, we have

1d

5 (Il ol ) + N8l + SAvlE, = [ (F(w 0)du+ b, v)de) do
Q

:—/glAudx—/ngvdac.
Q Q

Using condition (1.7) and the Cauchy inequality, we obtain the following estimates

/ [f (u, 0)Au + h(u,v)Av] da < Cy (Hqu% n Huugol) , 2.4)
Q
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1 1
- [ pduds < J18ul, + Sl @5)
Q

5 2 1 2
- [ oo < S0l + 5l
From the above inequalities, we get
d 2 2 2 2
= (Ihullzy + ol ) + @ (laliZy + ol )

<26y (Il + el ) + a3, + 67 a2, 2.6)

Multiplying (2.6) by te** and integrating in ¢, we have
¢ (llu(0) g + o(0) ) e

< (2Cit+ 1B [(1+ at) (Ju(0)[13, + [0(0)]3,) + Re]
+t(llgill7, + 0 lgall,) a e
< (L+t+)R; ([u(0)7, + lv(0)]1Z,) + (1 4 t)Rie™.

Finally, we get from the above estimates that
lul7 + lv@1F < @+ 1+ Rs ([wO)IL, + [v(0)]1Z,) e

+(1+tHYRI, Vt>0.
Hence, any ball By, H&(O, Rs), with Rs > Ry, is an absorbing set for the semigroup
Ss(t) in (HL())?. O

Because the embedding (H&(Q))2 < (Ly(2))? is compact, we immediately get
the following result.

Theorem 2.2. Under assumptions (1.5)-(1.8), the semigroup Ss(t) has a compact global

attractor in (Ly(2))%.

3. Existence of a global attractor in the case 6 = 0

In this section, we consider the limit system of equations (1.1)-(1.4) with diffusion
coefficient 6 = 0:

atu = Au — f(u,v) +gl(x)7
0w = —h(u,v) + ga(z),

ulogn =0,  wv|gg =0,
uli—o = ug € La(82), v|i=0 = v € H&(Q)

(3.1
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We keep the same notation as in the Introduction. In particular, the functions f, h satisfy
conditions (1.5)-(1.7), and the functions g; and g, satisfy

g1 € Lay(Q), g2 € Hy(Q). 3.2)
We replace condition (1.6) by the two following conditions
| f(u,v)|" < Cy (|u|p1 + |U|min{(p2—1)q1;p2} + 1) : (3.3)

|h(u, v)|? < Co (JulP* + [v]P? +1). (3.4)

We also consider the following assumptions on the functions f and h:

h € CYR?), h(0,0) =0, (3.5)
%(u,v) > o1 >0, (3.6)
‘%(u,v) <D, u,veR, (3.7

and assume that the following inequality is satisfied
puf (w, v)uluP % + poh(u,v)v|v|P2 7 > oy (Ju] 72 + [0]P27?) = C. (3.8)

We note that the positive quantities o1, 02 can be arbitrarily small, so we can set 0, =
O9 = 0.

Under assumptions (3.3)-(3.4), if u € L,,(0,7; L,,(?)), v € L,,(0,T; L,,(22)),
then the functions f and A still satisfy with every 7" > 0,

f(u,0) € Ly (0,15 L, (), h(u, 0) € Lgy(0,T; Ly, (€2)).

Now, we can also show that problem (3.1) has a unique global weak solution by
combining the Galerkin method and the compactness method. However, in this case, since
the second equation of the system is an ordinary differential equation, we have additional
difficulty in proving the existence of a global attractor. Although the technique is based
on ideas in the pioneering paper [14] of Marion, the result for the existence of a global
attractor as 0 = 0 seems to be new. We also give two examples in which the nonlinear
terms do not satisfy the proposed conditions of Marion [14] but satisfy our conditions in
the last section.

We have the following existence result.

Theorem 3.1. Under assumptions (1.5)-(1.7) and (3.2)-(3.8), problem (3.1) has a unique
global weak solution (u(t),v(t)) satisfying

u € C([0,00); Ly(2)) N L (0, 00; Hy () N Lyy< (0,005 Ly, (),
20
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v e C([0,00); Hy(Q2)) N LY (0,005 Hy(€2)) N LE< (0, 00; Ly, ()
and p y
u loc . —r v loc . —r
- €Ly (0,00; H(9)) , = € La, (0,00; H"2(9)) .
Moreover; the map (ug,vo) — (u(t),v(t)) is continuous in Ly(2) x HI(Q).

The proof of Theorem 3.1 is similar to that of Theorem 2.1.

From Theorem 3.1, we can define a continuous semigroup Sy(t) : Lo(€) x
H}(Q) = Ly(Q) x H}(Q) associated with problem (3.1) by setting

So(t)(uo, vo) == (u(t),v(t)),

where (u(t),v(t)) is the unique weak solution of the problem (3.1) with initial datum
(uo, vo).

We have the following theorem for the existence of a global attractor for the
semigroup Sp(?).

Theorem 3.2. Let {Sy(t)} be the semigroup associated with problem (3.1). Then,

under assumptions (1.5)-(1.7) and (3.2)-(3.8), the semigroup {Sy(t)} possesses an
(Ly x H}, Ly X Ly)-global attractor Ay.

Proof. Similarly to the techniques used in Section 2, we can claim that any ball B(0, ps),
with p, > p; = \/Cho~1, is an absorbing of the semigroup So(t) in (Ly(€2))?. Indeed,
let B be a bounded set of Ly(2) x Hj(£2), which is contained in B(0, R), there exists

1 R?

Ty = —In——— such that

g PP
So(t)B C B(O,pg), Vit 2 TO-

We now prove the asymptotic compactness of this semigroup. To do this, we need the
following lemma.

Lemma 3.1. Let r > 0 be fixed. Then we have the following estimate
t+r
/ / (Ju] 72 + [o[**7?) dads < K, VYt >0,
t Q

where K is a constant depending on initial datum (ug, vo).

Proof. Let (ug,v9) € B C B(0,R) and t > T}, we have

t+r
o [ ] o deds < Cor + O, + 00,
t Q
<Cyr+p; <K, Vt>Ty, (3.9)
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where C3 = 2(C' + 0)|Q| + 07! (Hg1||%2 + ||92||%2)
Multiplying the first and the second equations in (3.1) by |u[P*~?u and |v|P>~2v,
respectively, we get

d
—/ |u|p1dx—p1/Au.|u|p12udx+p1/f(u,v)\u|p12udx
dt Jo Q o

d
—l——/ lv[P2dx +p2/h(u,v)\v1p22vdx
dt Jq Q

=m / g1 |ulP2udz + py / ga|v[P22vda.
Q Q
Since — [, Au.|u|P'"*udz > 0, we obtain

d
— | (JuP* + |v|P?) dx + py / f(u, v)|ulP'2udx —i—p2/ h(u,v)v|P>?vdx
dt Jo Q 0

<pm / g1 |u|P?udz + py / ga|v|P2vd.
Q Q
Condition (3.8) implies that

d
G [P oo+ S [ (quprets o) do
Q Q

p% 2 p% 2
< Q|+ = = < K. 3.10
< 10l + Loy + 2 guly < (3.10

Based on (3.9), by applying the uniform Gronwall inequality to (3.10), we get
/ (lu@®)|”* + Jo()|P?) de < K, YVt >Ty+r.
Q
On the other hand, we obtain by integrating (3.10) in ¢ that
[t 0P ot Py o= [ quol + o) ds
Q Q
o t+r
+ —/ / (Ju] 72 + [0]*?7?) dads < K.
2Je Ja
Combining the two above inequalities, we have
t+r
/ / (|ul® =2 + [v|**7?) dads < K, Vt>Ty+r-
t Q

The lemma is proved. [
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Proof of Theorem 3.2. Let p, > p; and r > 0 be fixed. From the equation (2.1) and the
assumptions (2.4)-(2.5), we can write the solution v(t) = v1(t) 4 vo(t), with

vi(t) = D [u(s)e " ds + [ goe=7=)ds,
ve(t) = w(t) — vl(t) <wv(0)e .
We define two families of operators from Ly(2) x HJ(2) into Lo(Q) x H} () by setting
S1(t) : (uo, vo) = (u(t), vi(t)),
Sa(t) : (ug, vo) = (0, va(t)).
For any bounded subset B C Ly(2) x Hj(£2), we have

rg(uo,v9) = sup |[Sa(t)(ug,vg)| — 0 as t — +oo.
(uo,v0)€EB

We can check that S (¢) is uniformly compact in the following sense: with every bounded
set B C Lo(Q) x H(Q), there exists a tg > 0 such that U S1(t)B is relatively compact
t>to
in (Ly(Q))%.
We will use Lemma 3.1 in order to show that S;(¢) is uniformly compact.

Estimate the component u(t). Multiplying (2.1) by —Awu and integrating over €2, we
obtain

2dt||u||Hl + ||Au ||L2 /f u, v Audx—/g2Audx
< / (1 (0] + |ga]) |Aulde. (3.11)
Q

Using (3.3) we have

| f(u,v)| < Cé/ql (’u‘m/m + ‘,U‘min{pzfl;pg/ql} 1 1)
< Oy <|u|p1—1 + |v|p2_1 + 1) .

The above inequality implies that

1d

Sl aul?, < C; / (Il ="+ ol + 1+ |ga]) [ Al
Q

1
< g8ult, + S [ (o 1 )

Hence,
d
<l §40§/ (Jul 2 + |02 41+ |gof?) da (3.12)
Q
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We have the following estimates

t+r
/ / (1+ |g2P)dads = |9 + 72,
t 9]

t+r
[ luolRds < 5+ ), =10
t

Applying Lemma 3.1, there exists a constant C > 0 such that

t+r
/ / (Jul 72 + o> 2 + 1+ |go]?) dads < Co, Vit > Ty +r.
t Q

Again by applying the uniformly Gronwall lemma to (3.12) we get

lu@®)llFy < Cry VE> Ty + 2r, (3.13)
with some C; > 0.
Estimate the component vy (t). With every j = 1,n, we set w; = 801 ; then w; satisfies
Lj
Jw, ou  0Ogy
D— 4+ 22
at 7T o o,
Multiplying the above inequality by w; and integrating over {2, we get
d 2D [ | du |? 2 [ ]8g|?
Gl 4ot < 2= [0 a2 |22 G

Summing (3.14) from j = 1 to j = n and multiplying the received inequality by ¢!, we

get
2

d 2D ot 2 "
= (lnliZge™) < = lullgye™ + llgali3ye
Again integrating the above inequality in ¢, we have

2D? olts
Joa(e) 3y < 22 / fu(s) |2 e=ds + 20~ g 2,

2D2 To+2r
<2 [ e s
0

g

2D? [* olis _
F 2 [ s g s + 20 gl

0 Jry+2r

2

D 2D?
< 7[Og(TO +2r) + R?] + 7(17 + 20—2|ng|]§101, vt>0. (3.15)

The estimates (3.13) and (3.15) provide the uniform compactness of the operator S;. This
shows that the semigroup {Sy() } is asymptotically compact. Hence, the semigroup Sy(t)
has a global attractor A in the space (Ly(€2))>. O
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Now, we give two examples to show the differences between the results of Marion
[14] and the results in this paper. In particular, the nonlinear terms in the following
examples do not satisfy the conditions of Marion but satisfy our conditions.

Example 3.1. Consider the following system

0

T Au—un! — +g1(z), inQxRT,

g o _ . (3.16)
azﬁu—gv-l-gz(x), in ) x R,

where p1 > 2 is an even number, q; conjugates with p1, po = g2 = 2. The functions g1, g»
satisfy g1 € La(Q2), g2 € Hi ().
To get the system of Marion, we define the functions f, h, 0 and g by setting
flz,u,v) =v—gi(x); h(x,u)=ur;
D1 1 (3.17)
=55 9@u)=—gu—g@); p=p

We also obtain the system (3.1) from setting

a(z)

1
flu,v) = vt +u; h(u,v) = —gU + %v. (3.18)

By using some simple estimates, we can show that the above system satisfies the

conditions in our paper. Condition (1.7) is satisfied with C; = 1 and condition (3.8) is

—1 1
satisfied with oy = plT and C' = 5 The remains are also checked easily.

However, if the function g; is not bounded in z, the condition for the boundedness
of the function f(x, u,v) in [14]:

|f(x,u,v)|§54(1—1—|u|p1+|v|), 0<p1<p—1a54>0a

is not satisfied. On the other hand, if the function g, has unbounded partial derivatives in
x;, the following condition in [14] is not satisfied

|g;(x,u)| §557 |g:/vl(x7u>| §55(1+|UD7 i:]-a"wn? 55>0'

In the next example, we show that the conditions in [14] of Marion are not satisfied
by the functions f, h belows.

Example 3.2. Consider the following system

0 p1—1

T Ayt =Y v+gl(x), in Q) x RY,

gt ) 1422 (3.19)
—U:—u—v—l—gg(x), in Q) x Rt

ot 2

where the constants p1, q1, p2, Q2 are assumed as in Example 3.1.
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We get the system (3.1) by setting

uPr oy 1
o2 h(u,v) = —§u+v. (3.20)

f(u,v) =uP "t 4

The system of Marion is obtained by setting

uPr oy
f<I7U7U) = 1+ 2 - glg_‘r% h’(xau) = up1—1;

o(z) =1, g(w,U)=—§u—g2(9€); p=n.

(3.21)

We easily check that the conditions (1.5)-(1.7) and (3.2)-(3.8) are satisfied for the above
system. However, the function f(x,u,v) does not satisfy the following condition of
Marion by the exponent of |u|:

|f(z,u,0)] < 04(1+ |[ulP* +v]), 0<pr<p—1,54>0.
Indeed,

uP~
1+ 02

|f (@, u,0)| =

| -
- (o) < gl (o)

4. Upper-semicontinuity of the global attractors A; at ) =0

In the preceding sections, we have constructed the infinite-dimensional dynamical
systems (Lo (Q) x H} (), So(t)) having a global attractor A, and the dynamical system
(Lo(€2) x Lo(2), Ss(t)) has global attractors As. In this section, we will prove the upper
semicontinuity of the global attractors .45 at § = 0. We need the following lemma.

Lemma 4.1. [2] Assume that for ¢ € [0, ), the semigroup Ss(t) has a global attractor
As and there exists a bounded set K such that

U Asck (4.1)

0<6<do

If, in addition, the semigroup Ss converges to Sy in the sense that, for each t > 0,
Ss(t)(z,y) — So(t)(x,y) uniformly on any bounded subset B of Ly(€2) x Ly(€2),

( sul)) 1S5 (t) (ug, vo) — So(t)(uo, vo)||Lyxr, — 0as d — 0T, 4.2)
ug,v0)EB

then
distr,xr,(As, Ag) — 0as § — 0%,

Now, we are ready to prove the main theorem of this section.
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Theorem 4.1. The global attractor As of problem (1.1)-(1.4) converge as 6 — 0" to the
global attractor Ay of problem (3.1), or the global attractors Ags is upper semicontinuous
at 6 = 0 in the Hausdorff semi-distance

disty,x1,(As, Ag) — 0as§ — 0T

Proof. We use Lemma 4.1 to show the upper semicontinuity of A;.

(i) Checking condition (4.1). We have showed in the preceding section that By =
B(0, p2), with ps > +/Cy0o~1, is an absorbing of (1.1)-(1.4) and (3.1) in the space
Lo(£2) x Lo(Q).

For arbitrary d, > 0, with every ¢ € [0, dp), we have

As = Ss(t)Bs

s>0t>s

L2><L2

Hence, for any with each s > 0,

—— Lox Lo
Aa - U Sg(t)B(;
t>s

We get Ss(t) Bs C Bs with every ¢ > t,. This implies that

—Lg ><L2

As C B; , V§ €10,0).
Therefore U As C E;LQXM = B(0, p2). By setting K = B(0, p»), the condition (4.1)
0<8<do
is satisfied.

(ii) Checking condition (4.2). Assume that (ug,v9) € B C B(0,p) in La(2) x Lo(Q2).
We have

155 (£) (w0, v0) = So(t) (uo, vo) | oo = | (us(t) = u(t), v5(t) = V() 2%,

where
(us(t),vs(t)) is the solution of problem (1.1) — (1.4) with 6 > 0,
(u(t),v(t)) is the solution of problem (3.1) with 6 = 0.

Setting u; (t) = us(t) — u(t), v1(t) = vs(t) — v(t), we need to estimate

sup || (u1(t),vi(#)) ||Loxr, as § — OF.
(uo,v0)EB

We have
Oyuy = Auy — [f(ugs,vs) — f(u,v)],
Oy = 0Avs — [h(us, vs) — h(u,v)].
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Multiplying the above equations by u; and vy, respectively, and integrating over 2, we
obtain

DO | —
&lg

= (lnlz, + lolz,) + 1Venllz, = 5/9&05(@5 —v)dx

- /Q [(f (us, v5) = f(u,0)) (us — ) + (h(us, v5) = h(u, v)) (vs — v)] d.

We have
0 2 0 2
5 [ Avs(os —v)dr < =1 VusllE, + 5lleliy,
Q

AKﬂwmw—HMWMw—UH%Mwwd—M%@Mw—www

> —Cy ([wllz, +llillz,) -

Hence, we get

d
= (a2, + lloallz,) = 260 (ha l2, + lleallz,) < ool

We also have
[l < llvollne™" + Cs (lluollz, + llwllZ,) e + Cy, Yt >0,

where Cg = D*0~ !, Cy = D*Cyo™2 + 2072”92”%01-

From (ug, v9) € B(0, p), there exists a positive constant C, such that

d
7 (JurllZ, + lloillz,) — 2C1 (luallZ, + llv1llZ,) < 0Cho.

—2C1t

Multiplying the above inequality by e and integrating in ¢, we get

oC
lar(DNZ, + lorON1Z, < (luaO)I, + s (0)][7,) e + ﬁemt’ vt > 0.

This implies that for any ¢t > 0

lur (B)|[2, + [l (8)]|2, — Oas & — 0F,

or
sup ||S§(t)(U0, U()) — S()(lf)(U(), Uo) ||H><H —0asd — 0+.
(uo,v0)EB
The condition (4.2) is satisfied. Applying Lemma 4.1, we get the desired result. ]
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