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Abstract. In this paper, we investigate the collective excitations of an attractively
interacting Bose–Einstein condensate confined in a two-channel potential. Using
the Bogoliubov approximation, we derive the Bogoliubov–de Gennes equations
and determine the excitation spectrum numerically. Two distinct modes are
identified: the well-known Josephson mode, associated with periodic inter-channel
tunneling, and a novel antisymmetric translational mode, describing out-of-phase
oscillations of the condensate center of mass. Unlike conventional dipole
oscillations, the latter arises from the interplay between inter-channel coupling
and attractive nonlinearity and does not follow the Kohn theorem. We then
employ the variational approximation to describe the condensate dynamics under
these excitations and to extract the corresponding mode frequencies. The results
are further validated by real-time simulations of the governing Gross–Pitaevskii
equations, showing good agreement between analytical and numerical approaches.
Keywords: Collective excitations, Gross-Pitaevskii equation, Bogoliubov - de
Gennes equation, Variational approximation.

1. Introduction
BoseEinstein condensation is a quantum phase transition that occurs when an

ideal gas of bosons is cooled below a critical temperature. This phenomenon was
predicted in 1924-1925 by Satyendra Nath Bose and Albert Einstein [1], and was first
experimentally observed in 1995 in dilute alkali gases, which are systems of weakly
interacting bosons [2]-[3]. Under these conditions, many particles occupy the same
quantum ground state and behave coherently as a single entity [4], [5]. The system
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can be described by a macroscopic wave function. BoseEinstein condensates (BEC)
provide a unique setting to explore quantum phenomena on a macroscopic scale, such
as superfluidity, quantum phase transitions, nonlinear matter-wave dynamics, and other
collective quantum effects [6]-[10]. In the last two decades, the field of BoseEinstein
condensation has expanded into condensed matter physics, where the condensation of
quasiparticles such as excitonpolaritons has attracted considerable attention [11], [12].

Many intriguing collective quantum effects have been studied in BECs under
various physical conditions. Collective excitations are a fundamental aspect of BECs,
serving as a sensitive probe of the underlying interparticle interactions. These excitations
represent the coordinated motion of a large number of constituent particles within the
condensate, offering crucial insights into the dynamics and fundamental properties of
these quantum systems [5]. In the experiment, the collective modes were excited by
applying a weak time-dependent perturbation at a specific frequency to the transverse
component of the trapping potential. The resulting real-time dynamics, observed as shape
oscillations of the condensate, were then measured. From these observations, low-lying
eigenmodes with different symmetries were identified [13]. At the mean-field level, these
modes can theoretically be well described by the time-dependent GrossPitaevskii equation
that governs the macroscopic wave function of a BEC [4].

Collective excitations have been intensively investigated in dilute-gas BEC via
high-partial-wave Feshbach resonances [14], in spinorbit-coupled BECs [15], in dipolar
BECs and quantum droplets [16], [17], in low-dimensional BECs with quantum
fluctuations [18], and in bound-in-the-continuum condensates [19]. The second-harmonic
generation of propagating collective excitations in a two-component BEC was studied
in [20].

Among the many studies of Bose–Einstein condensates under various physical
conditions [13]-[20], those confined in dual-core potentials have attracted considerable
attention due to their rich physics, including Josephson oscillations, symmetry breaking
in soliton formation, and anomalous Bogoliubov modes [9, 21, 22]. In this work, we
consider a Bose–Einstein condensate trapped in a dual-core potential with sufficiently
tight confinement in each core, such that the dynamics occur primarily within individual
cores, while the coupling between them arises solely from weak tunneling. The system
can thus be effectively described by a two-channel model, within which the collective
excitations of the condensate are investigated.

The paper is organized as follows. In Section 2, we introduce the physical model
and the Bogoliubov method used for the numerical analysis of BEC excitations. Section
3 is devoted to the variational approximation (VA), an analytical method for exploring
the characteristics of the collective modes and comparing them with numerical results.
Section 4 summarizes the main findings of our study.
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2. The model and Bogoliubov approximation
We consider a Bose–Einstein condensate trapped in an external magnetic-field

potential forming a double-channel structure, as depicted in Fig. 1. Here, we assume
that the confinement along the ỹ direction is sufficiently strong, such that the atomic
motion in this direction is effectively frozen, with only weak tunneling between the
channels. Consequently, the dynamics take place primarily along the x̃ direction. Within
the mean-field approximation, the quantum dynamics of the condensate in such a potential
is governed by the following coupled GrossPitaevskii equations [9]

i~
∂Ψ1(x̃, t̃)

∂t̃
= − ~2

2m

∂2Ψ1(x̃, t̃)

∂x̃2
− g|Ψ1(x̃, t̃)|2Ψ1(x̃, t̃)− κΨ2(x̃, t̃), (2.1)

i~
∂Ψ2(x̃, t̃)

∂t̃
= − ~2

2m

∂2Ψ2(x̃, t̃)

∂x̃2
− g|Ψ2(x̃, t̃)|2Ψ2(x̃, t̃)− κΨ1(x̃, t̃), (2.2)

where m is the mass of an individual atom in the condensate, g exhibits nonlinear
interaction between atoms, and κ identifies the linear tunneling of atoms between potential
channels. The functions Ψ1(x̃, t̃) and Ψ2(x̃, t̃) are the wave functions of the Bose–Einstein
condensate in the two channels, while x̃ and t̃ denote the spatial and temporal variables in
physical units. The total number of atoms in the condensate is

Natoms =

∫ ∞
−∞

(
|Ψ1(x̃, t̃)|2 + |Ψ2(x̃, t̃)|2

)
dx̃. (2.3)

Figure 1. Schematic illustration of a Bose-Einstein condensate confined
within a two-channel potential

By introducing the scaled variables x = x̃
√
mκ/~, t = t̃κ/~ and ψj = Ψj

√
g/κ,

42



Collective excitations of a Bose-Einstein condensate trapped in a two-channel potential

Eqs. (2.1) and (2.2) can be cast into a dimensionless form.

i
∂ψ1

∂t
= −1

2

∂2ψ1

∂x2
− |ψ1|2ψ1 − ψ2, (2.4)

i
∂ψ2

∂t
= −1

2

∂2ψ2

∂x2
− |ψ2|2ψ2 − ψ1. (2.5)

The total number of atoms (2.3) in the new variables is now given by

N =

∫ ∞
−∞

(
|ψ1(x, t)|2 + |ψ2(x, t)|2

)
dx =

g

~

√
m

κ
Natoms. (2.6)

Notice that after rescaling, the system (2.4)-(2.5) is characterized by just one
dimensionless parameter N . It is called the norm of the condensate wavefunction [4]-[7].
The norm N is conserved in the time evolution of BEC as the number of atoms Natoms in
the system is unchanged.
In the case of dilute condensates, corresponding to small values of the norm N , Eqs. (2.4)
- (2.5) support symmetric bright-soliton solutions [9, 23]

ψ1(x, t) = ψ2(x, t) = ψS(x)e−iµt =
N

4
sech

(
Nx

4

)
e−iµt (2.7)

where µ = −
(

1 + N2

32

)
. In order to determine the collective excitations of the

condensate, we apply here the Bogoliubov approximation [24]. The excited wavefunction
of the condensate can be represented in the following way

ψ1(x, t) = (ψS(x) + δ1(x, t)) e−iµt, (2.8)

ψ2(x, t) = (ψS(x) + δ2(x, t)) e−iµt, (2.9)

where the perturbations δ1(x, t) and δ2(x, t) are small compared to ψS . Substituting these
expressions into Eqs. (2.4) and (2.5), we expand all terms to first order in the perturbations
δ1(x, t) and δ2(x, t), while systematically neglecting higher-order contributions. After
straightforward algebra and using the stationary equation satisfied by ψS(x) to eliminate
the zeroth-order terms, we collect the linear contributions and arrive at the coupled
Bogoliubov–de Gennes equations

i
∂δ1

∂t
= −1

2

∂2δ1

∂x2
+
(
2iψS(x)2 − µ

)
δ1 − ψS(x)2δ∗1 − δ2, (2.10)

i
∂δ2

∂t
= −1

2

∂2δ2

∂x2
+
(
2iψS(x)2 − µ

)
δ2 − ψS(x)2δ∗2 − δ1. (2.11)

To decouple these equations, we introduce two new functions

δS(x, t) = δ1(x, t) + δ2(x, t). (2.12)
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δD(x, t) = δ1(x, t)− δ2(x, t). (2.13)

Consequently, the equations (2.10)-(2.11) split into two separate equations

i
∂δS
∂t

= −1

2

∂2δS
∂x2

+ 2iψS(x)2δS − ψS(x)2δ∗S − (µ+ 1)δS, (2.14)

i
∂δD
∂t

= −1

2

∂2δD
∂x2

+ 2iψS(x)2δD − ψS(x)2δ∗D − (µ− 1)δD. (2.15)

The function δS(x, t) can be expanded in terms of excited modes of the equation
(2.14) as follows (

δS
δ∗S

)
=
∞∑
n=1

(
αne

−iΩnt

(
un
vn

)
+ α∗ne

iΩnt

(
v∗n
u∗n

))
, (2.16)

and similar for the function δD(x, t). Here Ωn is the mode frequency, while un(x)

and vn(x) are the mode shape functions, and αn is the corresponding amplitude. To
analyze the mode structure (2.16) of the Bogoliubovde Gennes equations (2.14)(2.15),
we use the finite-difference method to discretize them into matrix form and then perform
diagonalization [25]. The collective excited modes of the BoseEinstein condensate
correspond to the localized modes of Eqs. (2.14) and (2.15).

The numerical results clearly show that Eq. (2.14) admits no localized modes,
whereas Eq. (2.15) admits two. In Figure 2, the moduli of the mode shape functions
{u(x), v(x)} of the two localized modes of Eq. (2.15) are shown as a typical example.
Here N = 2.6 and the mode frequencies are Ω1 = 1.66 and Ω2 = 2.14. The dependence
of the mode frequencies on N will be presented in the next section (Figs. 5 and 6), where
we compare numerical results with the analytical approximation.

Figure 2. The first (a) and the second (b) collective excitation modes
of the BoseEinstein condensate with N = 2.6. The dashed curves show the moduli

of the condensate wave functions ψS(x). The red and blue curves indicate the moduli
of the mode functions u(x) and v(x), respectively
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By examining the mode functions {u(x), v(x)} shown in Figure 2, one can gain
intuitive insight into the physical nature of the excitations. For the first mode, the pair
{u(x), v(x)} exhibits symmetric spatial profiles with respect to the center. When this
mode is superimposed onto the stationary condensate, it primarily induces a modulation
of the density amplitude over time, without significantly altering the spatial position of
the wavefunction. As a result, the perturbation leads to oscillations of the population
imbalance between the two channels, corresponding to a periodic transfer of atoms while
preserving the total norm. This behavior is characteristic of the Josephson mode. In
contrast, the functions {u(x), v(x)} of the second mode are antisymmetric and vanish
at the center, implying opposite perturbations in the two channels. Exciting this mode
induces out-of-phase displacements of the condensate components while preserving their
shapes. The dynamics is therefore governed by the relative translational degree of
freedom, identifying this excitation as an antisymmetric translational mode.

These features can be clearly seen in Figs. 3 and 4, where the first and second modes
are added to the condensate at the initial time with small amplitudes (as perturbations),
and the subsequent quantum dynamics is observed. Here, we employ the split-step Fourier
method for coupled nonlinear partial differential equations, as developed in previous
works [27]-[30], to perform real-time simulations of the coupled Gross-Pitaevskii
equations (2.4)-(2.5).

Figure 3. Evolution of the Bose-Einstein condensate under excitation
of the first collective mode
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Figure 4. Evolution of Bose-Einstein condensate
under second collective mode excitation

3. Variational Approximation
To gain further insight into the numerical results presented in the previous section,

we apply the Variational Approximation (VA). The VA is a powerful non-perturbative
method that enables us to capture key features of the dynamics of complex nonlinear
physical systems [8], [23], [26].

Within the dynamical variational approach [8]-[9], the Lagrangian describing the
equations (2.4)-(2.5) reads

L =

∫ ∞
−∞

[
1

2

2∑
j=1

i

(
ψj
∂ψ∗j
∂t
− ψ∗j

∂ψj
∂t

)

− 1

2

2∑
j=1

∣∣∣∣∂ψj∂x

∣∣∣∣2 +
1

2

2∑
j=1

|ψj|4 + (ψ1ψ
∗
2 + ψ2ψ

∗
1)

]
dx

(3.1)

It has been shown in the previous section that the first excited collective mode corresponds
to the periodic tunneling of condensed atoms between two channels. To characterize such
behavior, one can introduce the usual parameter

ν =
1

N

(∫ ∞
−∞
|ψ1|2 dx−

∫ ∞
−∞
|ψ2|2 dx

)
(3.2)
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that measures the imbalance of norms in the two channels. Therefore, the adopted ansatz
for the condensate, used to determine the first collective mode, is taken as

ψ1(x, t) =

√
N(1 + ν)

4W
sech

( x
W

)
exp

[
−i
(
bx2

2
+ φ1

)]
, (3.3)

ψ2(x, t) =

√
N(1− ν)

4W
sech

( x
W

)
exp

[
−i
(
bx2

2
+ φ2

)]
, (3.4)

where ν(t), W (t), φ1(t), φ2(t), and b(t) are time-dependent variational parameters,
representing the population imbalance, soliton width, phases in each channel, and chirp,
respectively.

Substituting the ansatz (3.3)–(3.4) into the Lagrangian (3.1) and performing the
integration over x, we obtain

L =
N

24W 2

[
2NW (1+ν2)− 4− π2W 4(b′ + b2)

+ 12W 2
(

2
√

1− ν2 cos(∆φ)− ν∆φ′ − φ′
)] (3.5)

where ∆φ = φ1 − φ2 and φ = φ1 + φ2. The equations of motion for the variational
parameters are obtained from the Euler-Lagrange equations

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0, (3.6)

with qi ∈ {W, b, ν,∆φ, φ}. Applying this procedure to the reduced Lagrangian (3.5), we
arrive at

b′ =
4

π2W 4
− N(1 + ν2)

π2W 3
− b2, (3.7)

W ′ = bW, (3.8)

ν ′ = 2 sin(∆φ)
√

1− ν2, (3.9)

∆φ′ =
Nν

3W
− 2ν cos(∆φ)√

1− ν2
. (3.10)

The equation for φ is omitted, as it decouples from the above system and only reflects the
conservation of the total norm.

We eliminate the parameter b from the above system of equations and obtain the

47



Nguyen VH

following system in more compact form

W ′′ =
4

π2W 3
− N(1 + ν2)

π2W 2
, (3.11)

ν ′ = 2 sin(∆φ)
√

1− ν2, (3.12)

∆φ′ =
Nν

3W
− 2ν cos(∆φ)√

1− ν2
. (3.13)

It is worth noting that the variations of the parameters W (t), ν(t) and ∆φ(t) during the
evolution are small compared to their equilibrium values. Therefore, we can linearize
Eqs. (3.11)-(3.13) to obtain the following equations

δW ′′ = − N4

64π2
δW, (3.14)

ν ′′ = −4

(
1− N2

24

)
ν, (3.15)

∆φ′′ = −4

(
1− N2

24

)
∆φ. (3.16)

Here we observe harmonic oscillations of characteristic parameters. The important
quantity is the frequency of oscillation of the norm imbalance parameter ν(t) in (3.15),
which is given by

Ω1 = 2

√
1− N2

24
. (3.17)

Figure 5. The frequency of the first collective mode of Bose-Einstein condensate
as a function of norm N . The red curve is the prediction of variational approximation

(3.17) while the dots are results from diagonalization
of Bogoliubov-de Gennes equation (2.15)
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Obviously, the oscillation of ν(t) is directly related to the periodic tunneling of
condensed atoms between the two channels, as illustrated in Figure 3. A comparison
between the numerical results obtained using the Bogoliubov method and the predictions
of the VA is presented in Figure 5. We conclude that the two results are in good agreement.

In order to derive an explicit formula for the frequency of the second excited mode,
we need to choose the appropriate ansatz which refers to the oscillatory motion of both
condensate components within the channels about the center of mass, as can be seen in
Figure 4. Therefore, we propose the following ansatz

ψ1(x, t) =

√
N

W
√

2π
exp

[
− (x− b)2

W 2

]
exp

[
− i (cx+ ϕ1)

]
, (3.18)

ψ2(x, t) =

√
N

W
√

2π
exp

[
− (x+ b)2

W 2

]
exp

[
− i (ϕ2 − cx)

]
. (3.19)

where b(t), W (t), ϕ1(t), ϕ2(t), and c(t) are variational parameters. The magnitudes of
the parameters b(t) and c(t) are assumed to be very small.
In this case, the Lagrangian (3.1) becomes

L = N

[
NW − 2

√
π

4
√
πW 2

− c2

2
+
ϕ′

2
+ bc′

− cos(∆ϕ) exp

(
−c

2W 2

2
− 2b2

W 2

)]
(3.20)

where ∆ϕ = ϕ1 − ϕ2 and ϕ = ϕ1 + ϕ2. The EulerLagrange equations for the variational
parameters are

W 2c′ − 4b cos(∆ϕ) exp

(
−c

2W 2

2
− 2b2

W 2

)
= 0, (3.21)

b′ + c
(

1 +W 2 cos(∆ϕ) exp

(
−c

2W 2

2
− 2b2

W 2

))
= 0, (3.22)

sin(∆ϕ) exp

(
−c

2W 2

2
− 2b2

W 2

)
= 0, (3.23)

NW√
π
− 4 + 4 cos(∆ϕ)

(
c2W 4 − 4b2

)
exp

(
−c

2W 2

2
− 2b2

W 2

)
= 0. (3.24)

The equation for the total phase ϕ is just a conservation of the number of atoms in
the condensate. If the magnitudes of b(t) and c(t) are very small, we can adopt the
approximation that exp

(
− c2W 2

2
− 2b2

W 2

)
≈ 1. Consequently, the linearized forms of the
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above Euler-Lagrange equations simplify dramatically

b′ ≈ −c(1 +W 2), (3.25)

c′ ≈ 4b

W 2
, (3.26)

where the equations of width and relative phase lead to W ≈ W0 = 4
√
π

N
and ∆ϕ ≈

∆ϕ0 = 0, which are actually the values at stationary states. Eliminating the parameter
c(t), we obtain the equation for b(t) as follows

b′′ +
4(1 +W 2

0 )

W 2
0

b = 0, (3.27)

or
b′′ + Ω2

2b = 0. (3.28)

Hence, parameter b(t) oscillates with frequency

Ω2 = 2

√
1 +

N2

16π
. (3.29)

Figure 6. The frequency of the second collective mode of Bose-Einstein condensate
as a function of norm N . The red curve is the prediction of variation approximation

(3.29) while the dots are results from diagonalization
of Bogoliubov-de Gennes equation (2.15)

In Figure 6, we present a comparison between the predictions of the variational
approximation and the numerical results obtained using the Bogoliubov method. It can
be seen that the two results are in good agreement.
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The dynamics of the BEC under excitation of this mode, within the variational
approximation using the ansatz (3.18)–(3.19), shows oscillations of the condensate
components about their centers. This behavior is confirmed by direct simulations (see
Fig. 4), where the two components exhibit out-of-phase oscillations along the x-axis
during the evolution. Since no external trapping is applied along the direction of
oscillation, this mode differs from the well-known dipole oscillation, which obeys the
Kohn theorem [13]. This special collective excitation arises from the interplay between
the inter-channel coupling and the attractive interactions within the condensate.

4. Conclusions
In this study, we analyze in detail the collective mode structure of a dilute

BoseEinstein condensate trapped in a two-channel potential. We employ the variational
approximation and the Bogoliubov method to determine the mode frequencies and the
corresponding shape functions. The results obtained from the two approaches are in
good agreement. In addition, direct numerical simulations of the real-time quantum
dynamics of the condensate were performed to confirm several conclusions drawn from
the approximate methods.
Acknowledgments. The author gratefully acknowledges the support of Hanoi University
of Science and Technology (HUST) under project number T2024-PC-097.
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