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Abstract. We investigate the effects of Coulomb disorder on the half-filled ionic
Hubbard model within the framework of dynamical mean-field theory (DMFT),
using the equation-of-motion method as the impurity solver, combined with typical
medium theory (TMT). In contrast to conventional disordered Hubbard models, the
ionic Hubbard model contains a staggered ionic potential that introduces additional
competition between band-insulating and correlation-driven insulating tendencies.
We analyze how this ionic potential modifies the electronic phases induced by
Coulomb disorder through the arithmetic and geometric averages of the local
density of states. In the absence of disorder, the system exhibits metallic (M),
Mott-insulating (MI), and band-insulating (BI) phases. When Coulomb disorder
is introduced, Anderson-insulating (AI) behavior and localized states (LS) inside
the Mott gap are also observed. In particular, the LS regime appears between
the metallic and Mott-insulating phases at small ionic potentials, whereas the AI
regime develops for sufficiently large values of the Coulomb interaction and ionic
potential. Our results show that the interplay between ionic potential, electron
correlation, and disorder substantially influences the localization behavior and
insulating characteristics of the ionic Hubbard model.
Keywords: Metal–insulator transitions, ionic Hubbard model, Coulomb disorder.

1. Introduction

Metal–insulator transitions (MITs) are a fundamental topic in condensed matter
physics. Strong electron–electron correlations can drive a Mott transition [1], whereas
disorder can induce Anderson localization [2]. Understanding the interplay between
correlation and disorder remains one of the central problems in strongly correlated
systems . The ionic Hubbard model (IHM) [3]-[7] is an extension of the Hubbard model
originally proposed to study the neutral–ionic transition in organic charge-transfer salts
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or the ferroelectric transition in perovskite materials. In addition to the on-site Coulomb
interaction U , the model contains a staggered ionic potential (±∆) on a bipartite lattice,
where the two sublattices (A and B) have on-site energy levels differing by 2∆. The
presence of this ionic potential breaks the equivalence between the two sublattices and
induces charge disproportionation, leading to insulating behavior.

In general, the effects of disorder and Coulomb interaction are commonly studied
in conventional Hubbard-type models such as the Anderson–Hubbard model (AHM)
[8], [9] and the Anderson–Falicov–Kimball model (AFKM) [10]-[13]. While Anderson
localization and disorder-induced insulating behavior have been extensively investigated
in these systems, the role of a staggered ionic potential in modifying such effects
remains less explored. In the ionic Hubbard model, the coexistence of band-insulating
tendencies, electron correlation, and disorder leads to a richer competition among
different localization mechanisms. Therefore, this work aims to identify and characterize
the resulting disorder-induced electronic phases within the ionic Hubbard framework.

In realistic materials, Coulomb disorder naturally arises from spatial
inhomogeneities in the charge distribution, background doping, and unintentional
charged impurities [14]. For this reason, investigating the effects of Coulomb disorder is
important for understanding realistic strongly correlated systems.

Dynamical mean-field theory (DMFT) [15] is one of the most powerful
methods for investigating strongly correlated electron systems. Within DMFT, the
many-body problem is mapped onto an effective single-impurity problem embedded
in a noninteracting bath. Several impurity solvers have been developed, including
quantum Monte Carlo (QMC) [15], numerical renormalization group (NRG) [16], exact
diagonalization (ED) [17], and equation-of-motion (EOM) approaches. In this work, we
employ the EOM method as the impurity solver. Although the EOM approach depends on
the truncation scheme used for the hierarchy of equations of motion, it works directly on
the real-frequency axis, is computationally efficient, and is suitable for low-temperature
calculations. Thus, it is appropriate for obtaining qualitative insights into the interplay
among electron correlation, ionic potential, and disorder in the present model.

The arithmetic average of the local density of states (LDOS) can describe the
gap opening at the Fermi level associated with the Mott transition. However, it
generally remains finite even in the Anderson-insulating phase and therefore cannot
properly capture Anderson localization. To overcome this limitation, typical medium
theory (TMT) [18] employs the geometric average of the LDOS as an effective
order parameter for the Anderson transition. Consequently, combining the arithmetic
and geometric averages allows one to distinguish metallic, Mott-insulating, and
Anderson-insulating phases.

In this work, we investigate the competing phases of the disordered ionic Hubbard
model within the framework of DMFT using the EOM method as the impurity solver.
The phases are characterized through the arithmetic and geometric averages of the LDOS,
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with emphasis on qualitative phase identification rather than quantitatively precise critical
boundaries. The remainder of this paper is organized as follows. Section 2 and 3 presents
the model, theoretical methods, and numerical results, while Section 4 summarizes the
main conclusions.

2. Model and methods

The Hamiltonian of the IHM with Coulomb disorder is given as follows:

H =− t
∑

i∈A,j∈B,<ij>σ

(
c†iσcjσ +H.c.

)
+ εA

∑
i∈Aσ

niσ + εB
∑
i∈Bσ

niσ +
∑
i

Uini↑ni↓,

(2.1)

where ciσ(c
†
iσ) annihilates (creates) an electron with spin σ at site i, niσ = c†iσciσ, and

the sum < i, j > is over nearest-neighbor sites. εA = ∆, εB = −∆ are the ionic
energies, and ∆ is chosen to be positive. t denotes the nearest-neighbor hopping integral.
Ui is the on-site Coulomb repulsion and is a random variable following a box probability
distribution

P (Ui) =
1

δ
Θ

(
δ

2
− |Ui − U |

)
. (2.2)

U is the mean value of the Coulomb interaction, and δ is the disorder strength. Here, we
consider only the repulsive interaction, meaning Ui ≥ 0, from which U ≥ δ/2. Within
the DMFT framework, the many-particle problem is mapped onto a single impurity
embedded in a bath of noninteracting electrons. In the paramagnetic case, the spin index
is omitted for simplicity. The local Green’s function Gα(ω, Ui) (α = A,B) corresponding
to Eq. (1) is given by

Gα(Ui, ω) =
1− ⟨nα⟩/2

G−1
0α + UiΠ1α(ω)

[
G−1

0α − Ui − Π3α(ω)
]−1

+
⟨nα⟩/2

G−1
0α − Ui − UiΠ2α(ω)

[
G−1

0α − Π3α(ω)
]−1 , (2.3)

where the bare Green’s function of the associated quantum impurity problem for sublattice
α is G0α = [ω − εα + Ui/2 − ηα(ω)]

−1. The impurity electron interacts with the
noninteracting electrons through a hybridization function ηα(ω).

The self-energies Π1α(ω), Π2α(ω), and Π3α(ω) can be expressed through the
hybridization function as follows:

Πkα(ω) =

∫ +∞

−∞
ηα(z)Fk(z)

(
1

ω − z
+

1

ω − 2ϵα + z

)
dz, (2.4)

where k = 1, 2, 3. F1(z) = f(z) =
1

1 + exp (z/T )
is the Fermi function, F2(z) =

1− F1(z), and F3(z) = 1.
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For a bipartite lattice, the Green’s function for each sublattice is given by

Gα(ω) = Giiα(ω) =

∫ ∞

−∞

ξα(ω)ρ
0(z)dz

ξA(ω)ξB(ω)− z2
, (2.5)

where α = A,B and α = B,A, respectively, and ξα = ω+µα−Σα(ω), with µα = µ−εα;
Σα is the local self-energy for sublattice α, and ρ0(z) is the noninteracting density of
states (DOS). For the Bethe lattice with infinite coordination number,

ρ0(z) =
1

2πt2

√
4t2 − z2. (2.6)

By substituting the Bethe-lattice DOS from Eq. (2.6) into Eq. (2.5), we obtain the
self-consistency condition:

ηα(ω) =
W 2

16
Gα(ω), (2.7)

where α = A,B and α = B,A, respectively, and the bandwidth is W = 4t. In the
bipartite lattice, the hybridization function on sublattice A is related to the local Green’s
function of sublattice B due to the hopping between the two sublattices. Therefore, the
electronic properties of the two sublattices are mutually dependent.

In this paper, we consider the paramagnetic, half-filled case, i.e., < nα↑ >=<
nα↓ >=< nα > /2 and µ = 0.

The LDOS is given by

ρα(ω, Ui) = − 1

π
ImGα(ω, Ui), α = {A,B}. (2.8)

The geometric and arithmetic averages of the LDOS are

ρα,geom(ω) = exp ⟨ln ρ(ω, Ui)⟩, (2.9)
ρα,arith(ω) = ⟨ρ(ω, Ui)⟩ , (2.10)

where ⟨O(Ui)⟩ =
∫
dUiP (Ui)O(Ui). Equations (2.5) and (2.7) constitute the

self-consistency equations for Gα(ω) (α = A,B). These equations must be solved with
the condition nA+nB = 2, where nα = − 1

π

∫ 0

−∞ dωℑGα,arith(ω). It should be noted that
the average particle number on sublattices A and B is calculated using the arithmetically
averaged Green’s function, since the geometric average describes only extended states,
whereas the arithmetic average accounts for both localized and extended states.
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3. Results and discussion

Figure 1. Schematic illustration of phase definitions in the ionic Hubbard model
based on the arithmetic (green lines) and geometric (red lines) averages of the LDOS.

Panels (a, b) correspond to the metallic phase, (c, d) to localized states within the
Mott gap, (e) the Anderson insulator, (f) the band insulator, and (g) the Mott insulator.

We use the bandwidth as the unit of energy. We investigate the electronic phases of
the system using the equation-of-motion (EOM) method to solve the impurity problem.
The state of the system is determined by the geometric and arithmetic averages of the
LDOS ρα,geom(ω), ρα,arith(ω) together with the behavior of the staggered charge density
nB − nA (ionicity). For all finite ionic potentials ∆ > 0, electrons tend to occupy the
lower-energy sites of sublattice B, leading to nB > nA. Therefore, the ionicity nB − nA

cannot be regarded as a true order parameter. Nevertheless, it serves as an indicator
distinguishing the two insulating phases: it tends to zero in the Mott-insulating phase,
whereas nB ≫ nA in the band-insulating phase.

The electronic states are classified as follows (see Figure 1): Metal (M): ραa(0) ̸=
0, ραg(0) ̸= 0; band insulator (BI): ραa(0) = 0, ραg(0) = 0,

∫
ραg(ω)dω ̸= 0, nB ≫ nA;

localized states (LS) inside the Mott gap: ραa(0) ̸= 0, ραg(0) = 0,
∫
ραg(ω)dω ̸= 0; Mott

insulator: ραa(0) = 0, ραg(0) = 0,
∫
ραg(ω)dω ̸= 0, nB ≈ nA; Anderson insulator (AI):∫

ραg(ω)dω = 0.
To illustrate this more clearly, we present Figure 2, which shows the DOS in the

Anderson-localized regime. In the regime of strong U and intermediate to large ∆, the
geometric average of the LDOS vanishes over the entire frequency range, whereas the
arithmetic average remains finite. This behavior characterizes an Anderson-insulating
regime and indicates that disorder strongly suppresses the extended electronic states.
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Figure 2. Arithmetic (solid and dashed lines) and geometric (square and circle
symbols) averages of the LDOS for sublattices A and B

in the Anderson-insulating (AI) phase.

Figure 3. The upper panel shows the arithmetic average of the LDOS, while the lower
panel shows the geometric average. Solid and dashed lines correspond to sublattices

A and B, respectively. The system is in the Mott-insulating phase (MI).

To further clarify the influence of Coulomb disorder, we present in Figure 3 the
density of states (DOS) of the Mott-insulating phase at a finite Coulomb disorder strength
(δ ̸= 0) and large U , obtained from both the arithmetic and geometric averages of
the LDOS. In this phase, the ionicity nB − nA gradually approaches zero near the
critical point. As the disorder strength increases, the Anderson-insulating (AI) regime
expands in parameter space, leading to a reduction in the stability region of the Mott
insulator compared to the disorder-free case. This behavior indicates that the MI phase is
progressively suppressed due to the enhanced tendency toward Anderson localization.
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Figure 4. Arithmetic (solid and dashed) and geometric (dotted and dash-dotted)
averages of the LDOS for sublattices A and B in the localized-states (LS) regime

within the Mott gap.

In Figure 4, we illustrate the emergence of localized states (LS) within the Mott-gap
regime. In this case, the LDOS at the Fermi level vanishes in the geometric average, while
it remains finite in the arithmetic average. These results are consistent with those obtained
for the ionic Hubbard model with Coulomb disorder (∆ = 0) [19]. We further find that the
LS solution appears in a narrow regime between the metallic and Mott-insulating phases
at small values of U and ∆. The LS regime can thus be viewed as an intermediate state
between extended (metallic) and localized (insulating) phases.

Figure 5. Same as in Figure 4, but for the metallic phase (M).

In the metallic phase (Figure 5), both the arithmetic and geometric averages of the
LDOS remain finite at the Fermi level, indicating the presence of extended electronic
states. As disorder is introduced and gradually increased, the metallic regime slightly
expands around the critical points of the clean system. This originates from the spatial
randomness of the local Coulomb interaction Ui at different lattice sites, where some
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lattice sites satisfy Ui < U , which locally suppresses correlation effects and enhances
electron mobility. By contrast, under strong disorder, the metallic regime is reduced due
to the dominance of the Anderson-insulating phase.

Figure 6. Same as in Figure 3, but for the band insulating phase (BI).

In the absence of disorder (δ = 0), the ionic potential stabilizes the band-insulating
(BI) phase, which already emerges at finite values of ∆ [4]. However, upon introducing
disorder, the BI (Figure 6) regime with nB ≫ nA progressively shrinks and becomes
confined to the large-∆ regime before eventually disappearing at stronger disorder, mainly
due to the expansion of the metallic and Anderson-insulating phases.

Finally, to emphasize disorder-induced solutions, in Figure 7 we present the
emergence of the LS solution between the M and MI phases. In the presence of Coulomb
disorder, at a fixed ionic potential ∆, increasing the Coulomb interaction drives the system
through an intermediate LS regime that separates the metallic (M) and Mott-insulating
(MI) phases. In addition, Figure 8 shows the transition from the M phase to the AI phase
as the Coulomb interaction increases at fixed disorder δ and ionic potential ∆.

Figure 7. Emergence of localized states inside the Mott gap (LS) regime
between the metallic (M) and Mott-insulating (MI) phases as U increases

from (a) to (c) at fixed δ in the small ∆ regime.
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Figure 8. Evolution from the metallic (M) phase to the Anderson-insulating (AI)
phase as U increases from (a) to (b) at fixed ∆ and δ.

4. Conclusions
In conclusion, using the EOM as the impurity solver within DMFT, we investigated

the effects of Coulomb disorder on the ionic Hubbard model. We showed that
the staggered ionic potential plays an important role in determining the electronic
phases of the system. In the disorder-free case, the ionic potential stabilizes the
conventional metallic (M), Mott-insulating (MI), and band-insulating (BI) phases. Upon
introducing Coulomb disorder, additional electronic solutions emerge, including the
Anderson-insulating (AI) phase and a localized-states (LS) regime inside the Mott gap. In
particular, the LS regime appears between the metallic and Mott-insulating phases in the
small-∆ region, whereas the AI phase becomes dominant at sufficiently large values of
the Coulomb interaction and ionic potential. Furthermore, weak disorder slightly expands
the metallic regime around the critical regions of the disorder-free system. However,
at stronger disorder, the Anderson-insulating phase becomes dominant, leading to the
suppression of metallic behavior as well as the progressive reduction of the BI and
MI phases.

The present work focuses on the characterization of representative electronic
phases and localization regimes in the disordered ionic Hubbard model. A systematic
determination of the full phase boundaries and critical behavior throughout the (U,∆, δ)
parameter space remains an interesting direction for future investigation.
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